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We study the hydrodynamic coupling of neighboring micro-beads placed in a multiple

optical trap setup allowing us to precisely control the degree of coupling and directly

measure time-dependent trajectories of entrained beads. We performed measure-

ments on configurations with increasing complexity starting from a pair of entrained

beads moving in one dimension, then in two dimensions, and finally a triplet of beads

moving in two dimensions. The average experimental trajectories of a probe bead

compare well with theoretical computation, illustrating the role of viscous coupling

and setting timescales for probe bead relaxation. The findings also provide direct ex-

perimental corroborations of hydrodynamic coupling at large, micron spatial scales

and long, millisecond timescales, of relevance to e.g., microfluidic device design and

hydrodynamic-assisted colloidal assembly, improving the capability of optical tweez-

ers, and understanding the coupling between micron-scale objects within a living

cell.
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I. INTRODUCTION

Forces between solid bodies immersed in fluid are mediated through hydrodynamic in-

teractions1 and the effects of such interactions abound across physical2–4 and biological

systems5. Though theories of hydrodynamic interaction have been constructed6–18, most of

their experimental corroborations have relied on indirect methods such as the analysis of

collective motions of diffusing colloidal particles19–29 or by examining the coupled thermal

fluctuations of two-body systems30–35.

Previously, stationary optical traps have provided a means by which to probe hydro-

dynamic interactions31,33. For typical optical trap stiffnesses and solvent viscosity, bead

relaxation times occur on ∼ 1 ms timescales, i.e., timescales over which thermally induced

bead motion correlations decay31. While sound propagation33 was shown to be an important

contributor to hydrodynamic coupling33, these observations remain indirect as they rely on

correlated thermal motion over ∼ 10 nm rather than the prolonged motion of beads over

milliseconds. This leaves us to wonder whether theory and simulation accurately model

longer lengthscales.

In this work, rather than using beads in stationary optical traps, we probe hydrodynamic

coupling by directly measuring trajectories of micron-sized beads in one stationary optical

trap (probe bead), in the presence of one or two scan beads in the vicinity pulled using

moving optical traps. Using this setup, we directly measure prolonged probe bead displace-

ments of micrometer size on 0.1 ∼ 1 second timescales. In doing so, we capture the onset

of viscous coupling, its development, the resulting probe bead entrainment, and subsequent

relaxation manifest at larger spatial and longer temporal scales away from equilibrium.

The scales we monitor are relevant to self-assembly of colloidal spheres, naturally medi-

ated through hydrodynamic interactions2,36 and, as we will see, interpolate between results

at much faster timescales for single trapped optical beads, e.g., Ref. 37, and bulk bead

experiments, e.g., Refs. 2 and 11 on mechanisms underlying assembly.

Of equal, and practical, importance is understanding hydrodynamic coupling of beads

held at short distances, as we explore here, relevant in extending tweezer experiments to

higher resolution38. So far, despite their resolution advantage, short distances are typically

avoided to mitigate the convolution of signal with bead hydrodynamics38.
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II. THEORY

The dynamics of viscous liquid are described by the linear Navier-Stokes equation39

ρ
∂v

∂t
= −∇p+ η∇2

v. (1)

alongside the incompressibility condition

ρ = constant ↔ ∇ · v = 0, (2)

where ρ, v(t,x), p(t,x) are the density, velocity, and pressure fields, η ≡ ρν is the dynamic

viscosity, and ν is the fluid’s kinematic viscosity. When solid bodies are immersed in viscous

fluid, the resulting perturbed fluid velocity field is obtained by solving Eqs. (1) and (2),

under appropriate boundary condition on the surface of the solid bodies. By computing

the force exerted by such perturbed fields on each solid body, one can obtain the hydrody-

namic equation and the resulting dynamical equation of motion for the solid bodies1. As a

special case, the equation of motion for hard spheres moving in viscous fluid has previously

been derived1,6–9,14,40–42 (See Supplementary Material for details). It is clear that, after in-

tegrating out fluid degrees of freedom, the resulting dynamic equation for the positions and

orientations of the solid bodies is generally non-Markovian, and the future evolution is not

solely determined by the current positions and velocities of the bodies, but their history

as well41–43. This naturally manifests as a frequency dependent friction coefficient for the

beads, and the equation for the Fourier modes of N beads coupled through hydrodynamic

interactions takes the form33,41,42

iωMU(ω) = −ζ(ω)U(ω) + F (3)

where the vector U(ω) is a 3N dimensional vector representing the Fourier mode of the

particle velocity, M is a 3N × 3N diagonal matrix with M3i−2,3i−2 = M3i−1,3i−1 = M3i,3i =

mi (i = 1, · · ·N) being the mass of the i-th body, ζ(ω) is a 3N × 3N friction coefficient

matrix with F a vector of dimension 3N representing external forces, including trap force

and random thermal force.

For beads with identical mass mi = m and radius a, the velocities of the beads relax

to their stationary values determined by the external forces around τB = m
ζ0

= 2ρba
2

9ρfν
where

ζ0 = 6πη is the single body friction coefficient at zero frequency, with ρb and ρf being the
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densities of the bead and the fluid, respectively. In most of the optical trap experiments

including the current work, where microbeads are used, the viscosity of the fluid is similar

to that of water, and the density of the bead is of similar order to that of the solvent,

a ∼ 0.5 µm, ρb
ρf

∼ 1, ν ∼ 10−6m2/s, leading to τB ∼ 1 µs. The same order of magnitude

argument applies for beads of slightly different sizes and masses. Thus, to describe motions

at ms timescales, we may safely neglect M , leading to31,33

U(ω) = [ζ(ω)]−1
F. (4)

The timescales over which hydrodynamic memory is relevant, in turn, are dictated by

τhyd = R2

ν
where R is the typical distance between objects33. This timescale roughly coincides

with the time required for a transverse fluid wave to cover the distance between both beads.

In the current work, the distance between beads evolves with time peaking at around R ∼

6 µm, leading to τhyd . 4 µs. Therefore, memory is also irrelevant and the ensuing friction

coefficient matrix inverse can be approximated in the form [ζ(ω)]−1
∼ µδ(ω), where µ is

termed the mobility tensor.1 Eq. (4) then takes the the form1

dX

dt
= µF (5)

where the 3N -dimensional vector X represents particle positions. The mobility tensor µ is

normally expressed as a power series in ǫ ≡ r/R, where r is each sphere’s radius and R is

the distance between them1,6,7,40. Defining µ̃ij ≡ 6πηµij, where i, j = A,B,C index spheres

with corresponding radii a,b, and c, we have

µ̃AA = a−1I −
15b3

4R4
AB

ê
T
ABêAB −

15c3

4R4
AC

ê
T
AC êAC +O(ǫ6),

µ̃AB =
3

4RAB

(I + ê
T
ABêAB) +

a2 + b2

4R3
AB

(I − 3êTABêAB)

−
15c3

8R2
ACR

2
CB

(

1− 3(êTAC · êCB)
2
)

êABêCB

+O(ǫ6) (6)

where êij is the unit column vector connecting the i and j spheres, and I is the unit tensor.

The expression for µ̃AC is obtained from that for µ̃AB by exchanging B and C labels. We

1 We explicitly checked that the addition of memory effect does not lead to any visible change of the

computational results for two-bead cases (data not shown).
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explicitly verified that the addition of terms truncated here does not result in visible changes

in computed bead trajectories. It is also now straightforward to obtain the mobility for beads

A and B, by taking the limit of RAC , RBC → ∞ in Eq.(6) :

µ̃AA = a−1I −
15b3

4R4
AB

ê
T
ABêAB +O(ǫ6),

µ̃AB =
3

4RAB

(I + ê
T
ABêAB) +

a2 + b2

4R3
AB

(I − 3êTABêAB)

+O(ǫ6) (7)

III. EXPERIMENTAL SETUP

Hydrodynamic coupling between individual microspheres (2.16 µm diameter polystyrene

beads) was investigated by measuring the motion of a “probe bead” held in a fixed position

trap adjacent to a “scan bead” quickly moved away and then back towards the probe bead

(e.g., as shown in Fig. 1a). A home-built high-resolution optical tweezers instrument was

used, constructed and operated generally as described in Ref. 44 and more specifically as

in Ref. 45, and shown in Fig. S4 in the Supplementary Material. Three optical traps were

formed deep in solution (i.e., away from cover glass) with two scanning traps flanking a fixed

position probe bead trap. Traps were precisely manipulated via timesharing a single 976 nm

laser using a two-axis acousto optic deflector (IntraAction DTD-274HD6C) controlled via a

direct digital RF synthesis and field programmable gate array (FPGA) method. Each trap

in sequence was on for 5 µs duration and there were no programmed pauses between trap on

cycles, i.e., trap 1 is on for 5 µs, then immediately trap 1 turns off and trap 2 turns on for

5 µs, then immediately trap 2 turns off and trap 3 turns on 5 µs, etc. Thus the duty cycle

for each trap is 1/3. The AOD switching time is < 1 µs. For all experiments, two scanning

traps begin flanking the probe bead fixed trap with all three traps arranged in a line, and a

scan is initiated by moving the two scanning traps in mirror trajectories away from and then

back towards the probe bead trap. For the linear scans the two scanning traps remain in a

line with the probe bead trap (as in Fig. 1a) while for the shear scans the two traps move

orthogonal to the initial alignment (as in Fig. 2a). For two-bead experiments, only a single

scan trap is occupied by a bead (i.e., the other scan trap is empty), while for three-bead

experiments both scan traps are occupied by beads. We kept the empty third trap on in the

2-bead experiments for consistency across all experiments and also to minimize the possi-
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ble net force applied by the scan traps on the probe bead (i.e., the possible forces applied

from the flanking traps directly on the probe bead are always in opposite directions and

would cancel). Bead positions were measured via imaging using CMOS camera (Thorlabs

CS165MU) at 92 frames/second (10.9 ms per frame) which was synchronized with the scans

via a signal from the FPGA. The probe bead trap stiffness (nominally 0.85 pN/µm) was

minimized to maximize the measured deflection of the probe bead in response to scan bead

hydrodynamic coupling. The trap stiffness for each individual bead was calibrated via the

standard equipartition method (i.e., using the root-mean-square (RMS) of the bead Brow-

nian motion, and also confirmed by measuring the bead’s viscous relaxation time constant

within the trap (see Fig. S5 and associated text in the Supplementary Material for further

details on the trap calibration). The relaxation trajectory of a single bead (i.e., without

adjacent scan beads) was well-fit by a single exponential decay over the full range of bead

motion which confirmed that the traps behaved as linear Hookean springs over the relevant

bead displacement range. Note that this trap stiffness is the effective trap stiffness which

due to timesharing is the instantaneous trap stiffness multiplied by the trap duty cycle.

Since the time during which each trap is turned off is 10 µs which is much shorter than

the observational time scale of ∼ ms where the average trajectory of the beads are studied,

the optical trap can be modelled as a potential with an effective spring constant. Control

measurements were performed with alternate bead and scan configurations to confirm that

the measured displacements of the probe bead are due to entrainment with the scan beads

rather than spurious trap interactions (see Figs. S6 and S7 in the Supplementary Material).

IV. RESULTS

We directly detected and recorded trajectories of the probe bead in response to the

fluid flow generated by the scan bead. The simplest perturbation to the probe bead is

produced by an experimental configuration where a single bead is scanned in 1D along the

line connecting probe and scan beads (subsequently referred to as “two-bead linear scans”).

Figure 1b shows a sequence of images from an example of an experiment with a probe bead

in a fixed position trap on the left and a scan bead in a scanning trap on the right. The beads

are assumed identical (as we later average over multiple experimental repetitions involving

different probe and scan beads). The upper image of Fig. 1b shows the initial positions
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of the trapped beads before initiating the scan, with the closest distance between the probe

and scan surfaces of 1µm. The middle image shows a frame of the scan where the scan

bead is moving quickly (40µm/s) away from the probe bead and the probe bead can be

seen clearly displaced from the fixed trap minimum toward the scanning bead (≈ 300 nm

displacement). The lower image shows a frame during the reversal of the scan, where the

scan bead is now moving quickly (same speed) towards the probe bead and the probe bead

can be seen clearly displaced from the fixed trap pushed away from the approaching scan

bead (≈ 300 nm displacement).

The complete time trajectory of the entrainment of the probe bead in response to scan

bead motion is shown in Fig. 1c. The solid black line shows the average probe bead displace-

ment in the horizontal direction (i.e., along the scan direction) versus time. Since there is

about 10 % uncertainty in the bead diameter, we removed the bias introduced by the fact

that the actual bead diameter is not exactly 2.16 µm, by repeating the experiment on 19

different bead pairs. For each bead pair the scan was repeated 100 times with 200 ms delay

between successive scans. We then obtained the average trajectory over these 1900 experi-

ments. At t = 0 the scan bead starts moving away at constant speed of 40 µm/s until halting

6 µm away at t = 0.15 s. In response, the probe bead is entrained by the scan bead (positive

displacement), as the fluid flow induced by the moving scan bead flows past the probe bead

and exerts a force on it in turn. The probe bead is much slower than the scanning bead,

its average speed being ∼ 6 µm/s from t = 0 until it reaches the maximum displacement of

∼ 0.3 µm around t ∼ 0.05 s. As such, hydrodynamic interactions decrease with time due

to the growing inter-bead distance, whereas the opposing force of the trap increases. The

trap force takes over the hydrodynamic interaction after t ∼ 0.05 s, leading to a gradual

relaxation of the probe bead back towards the center of the fixed trap for the remaining

2/3 of the scan duration. The probe bead displacement trajectory and maxima depend only

weakly on the exact initial probe-scan bead separation (see Fig. S8 in the Supplementary

Material ). Upon halting the scan at t = 0.15 s, the probe bead rapidly relaxes to the center

of the trap following an exponential decay. After a 0.3 s pause (sufficient to ensure the probe

bead is completely relaxed), the scan reverses and the scan bead moves back towards the

probe bead at a constant speed of 40µm/s. The probe bead is now pushed away from the

scan bead (negative displacement). Note that this probe bead motion is not the mirror of

the prior positive displacement motion. Indeed, since the push at the second scan starts at
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larger inter-bead distance compared to the pull at the first scan, the hydrodynamic coupling

is also weaker initially, and becomes large only at the later stage where the restoring force of

the trap becomes large. Consequently, the distance from the trap center increases slowly and

monotonically until it reaches ∼ 0.3 µm in the negative direction at 0.6 s, at which point the

reverse scan stops, leading to an exponential decay in displacement afterward. After a 0.4

s pause, the scan repeats for a total of 100 cycles. The Brownian fluctuations of the bead

position are significant compared to the maximum mean displacement trajectories (RMS

of probe bead fluctuations is 80 nm while the maximum displacement is 300 nm, as seen

directly by comparing individual trajectories and the distribution of these from Fig. 1c).

The theory, as described above, simulates the probe-bead-scan-bead hydrodynamic coupling

reproducing the predicted mean probe bead trajectory (in red) which easily fits within the

noise of the Brownian fluctuations.

Note that we do not include the effects of photophoretic and thermophoretic forces in

our analysis46–49. In contrast to bead coated with gold nanoparticles, purely dielectic beads

such as ones used here are considered effectively as cold particles where photophoretic and

thermophoretic effects are negligible49. More importantly, due to the axial symmetry of each

trap, any such forces in the directions transverse to the trap axis will cancel away when we

average over the fluctuations.

Since the magnitude of the hydrodynamic interaction is directly proportional to the

speed of the objects moving in the fluid (see Eq. (7) in the Supplementary Material), we

expect the inter-bead coupling to be weakened if we decrease the speed of the scan bead.

The average trajectory of a single bead set for the linear scan is shown in Fig. 1d, along

with computational results (See also Fig. S9 in the Supplementary Material for graphs in

unscaled time). We indeed see that the maximal displacement of the probe bead decreases

with the speed of the scan bead, in accordance with the theoretical prediction. Since we are

averaging over only 100 trajectories for a single bead set, the effect of the thermal noise is

more prominent than the data shown in (c).

In order to test the effect of the hydrodynamic interaction on 2D motion, whose modeling

is expected to be more challenging, we also performed “shear” configuration experiments

where beads flanking the probe bead are scanned orthogonally to the initial line connecting

the probe and scan beads. Fig. 2a shows a sequence of images demonstrating the shear mode

scan configuration for the case of two flanking scan beads. Nearly all scan parameters are
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FIG. 1. Two bead linear scan data. a) Cartoon illustrating the general two bead setup. Optical

traps (orange cones) hold microbeads (gray spheres), not to scale. A trap moves a scan bead in

the x-direction away (middle frame) and then back towards (bottom frame) a probe bead held in

a fixed trap. b) Images of linear scanning experiment as in a). Dashed line indicates the fixed

trap position and the probe bead zero displacement as a guide to the eye. White arrows indicate

the scan direction. c) Linear scan data. Average displacement in the x-direction of the scan

bead (Upper) and the probe bead (Lower: Black line). White dots in the lower panel are actual

displacements of the probe beads for each scan, and the background color maps the displacement

distribution for one example bead set. The black dashed lines represent the RMS of all individual

bead sets combined in quadrature. The red line is the simulated bead trajectory. d) Probe bead

displacement (solid line) and corresponding simulated trajectories (dashed lines) for varying scan

speeds. The time is normalized so that t = 0 is the start of the scan and t = 1 is the end of the

scan. The same set of beads are used for all curves and each curve results from the average of 100

individual scans. See Fig. S10 for graphs in unscaled time.
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identical to the linear scan mode parameters (Fig. 1): all beads are nominally identical, the

initial trap positions are identical with the closest distance between the probe and scan bead

surfaces 1 µm and the scanning trap speed is 40µm/s. The only difference is the direction

of the scan (which is vertical rather than horizontal). The experiments were repeated with

either one or two flanking beads.

The complete trajectories of the displacement of the probe bead in response to the shear

mode scanning beads with either one or two scanning beads are shown in Fig. 2 (b) and (c)

respectively. The solid black lines show the average probe bead vertical displacement (i.e.,

parallel to the direction of the scan) versus time, averaged over many bead pair replicates,

where each replicate is an average of 100 repeated scans of the same beads. At t = 0 the

scanning bead starts moving away at a constant speed of 40µm/s until halting 6µm away at

t = 0.15 s. As for the linear scans, the probe bead follows the scan beads. For two flanking

scan beads scanning in the same direction (as shown), the probe bead motion is completely

vertical whereas for a single scan bead there is a slight horizontal displacement following the

scan bead (Fig. S10 in the Supplementary Material). If two scanning beads scan in opposite

directions (i.e., one upwards and one downwards) no displacement of the probe bead is

observed as expected (Figs. S6 and S7 in the Supplementary Material). Both the initial

speed (≈ 9.5 µm/s) and the maximum displacement (0.45 µm) of the probe bead are about

50% greater with two scan beads, compared to those with one scan bead (≈ 6 µm/s and

0.28 µm). The probe bead is pulled toward the retreating scan bead during the initial scan

(positive displacement). After the intermediate scan pause, the probe bead is pushed away

from the approaching scan beads (negative displacement). Again, this trajectory following

the pause and reversal of direction of the scan bead is not the simple reversal of the trajectory

preceding the pause, for the same reasons as was the case of the linear scan. The relaxation

of the probe bead at scan halts are exponential with more or less the same time constants

in all cases (Data not shown).

Both 2D fluid coupling effects on shear scan and three-body interactions in the case of the

two scanning beads necessarily involve a greater degree of approximations than the linear

two bead scans. Concretely, three-body motility tensors necessarily compound the approxi-

mations already present in the two-body tensor while, in shear scans, incomplete modeling

of external torques acting on the beads by the optical trap may contribute to the bead’s

2D motion. Despite these modeling challenges, we found that probe bead trajectories pre-
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dicted by the theory still lie within the uncertainty of the probe bead Brownian fluctuations,

though the mean does not match as closely as for the linear case.

V. CONCLUSIONS

In this work, we studied two- and three-body hydrodynamic interactions by directly prob-

ing the trajectory of a microbead in a stationary optical trap hydrodynamically entrained

by neighboring microbeads. In contrast to previous work where ∼ 10 nm-scale thermal

fluctuation of beads were analyzed to obtain information on hydrodynamic interaction31,33,

here we averaged out thermal fluctuation to obtain trajectories or prolonged motion on µm

lengthscales. Therefore, the current results provide independent and direct corroboration

of hydrodynamic interactions. Furthermore, we probed three-body in addition to two-body

interactions. The resulting data agree with theoretical predictions within Brownian noise.

Since, prior to averaging, our raw data contains thermal noise, it would also be interesting

to compare the properties of such noise to theoretical predictions. The theory for moving

beads within viscous fluid supplemented by thermal fluctuations is the object of future in-

vestigation as currently no method exists for computing thermal fluctuations around spheres

whose distance varies in time.

What is more, we have limited ourselves to the effects of entrainment manifest from

rectilinear motion, though rotational diffusion and transfer of rotational chirality are also of

immediate interest to questions of colloidal self-assembly2. Just as with thermal fluctuations,

our results can be said to be rotationally and thermally averaged. Indeed, for rotational

diffusion, torques acting on the beads cannot be known precisely. This is because the angular

orientation and rotation of a trapped bead lies outside the scope of existing measurement

capabilities of high-resolution optical tweezers.

Recently there has been interest in active colloids, where particles in fluid self-propel with

fuel50–54. In addition to hydrodynamic interactions, such particles also interact via various

phoretic interactions, induced by anisotropy in chemical concentrations, temperatures, and

electric fields in their vicinity. Various approaches exist to model such system, and theoretical

frameworks similar to ours have been used51,54 even making phoretic interactions explicit.

Direct experimental corroboration with few-body systems, such as done here, can help inspire

the study of additional effects. In particular, the agreement between theory and experiment
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FIG. 2. Two- and three-bead shear scan data. a) Example images of a three-bead shear mode

scanning experiment. For a two-bead shear scanning experiment, the right side scanning bead

would be absent. The dashed line indicates both the probe bead’s fixed trap position as well as

the initial scan bead trap positions. White arrows indicate the scan directions (up and down in

the y-direction). b) and c) illustrate shear scan data with displacement in the y-direction shown.

b) Upper: Average position of 2.16 µm scan bead. b) Lower and c): Displacement of 2.16 µm

probe bead for two- and three-bead shear scan experiments, respectively. The black line is the

displacement trajectory averaged over 11 and 19 unique bead sets for b) and c) respectively with

100 repeated scans each. White dots are the actual bead displacements for each scan and the

background color map the displacement distribution for one example bead set. The black dashed

lines represent the RMS of all individual bead sets combined in quadrature. The red line is the

simulated bead trajectory.
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suggests that hydrodynamic interaction far-field expansions6,7 remain helpful even as objects

fall within distances of each other comparable to their size and that frameworks such as the

one proposed here can be expanded to include other effects.

Finally, the conclusions drawn here are relevant to optical tweezer experiments where

beads are often limited to operating at far distance from one another. Such experiments

are performed precisely to eliminate bead-bead coupling effects. Yet for short bead-bead

distances, as the spring constant of the tether typically goes inversely with the end-to-end

tether distance38, models to account for coupling under this scenario are a key step toward

improving the tether’s sensitivity to the dynamics of the single molecule.

VI. SUPPLEMENTARY MATERIAL

The SI contains additional details on derivation and experiments. It is organized by first

elaborating on details of the theory highlighting, for instance, the result of ignoring higher

order terms in our model. We then turn to the experimental setup providing, for instance,

a layout of the dual-trap optical tweezer experiment.
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