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Abstract

The Poisson distribution is the probability distribution of the number of independent events
in a given period. Although the Poisson distribution appears ubiquitously in various stochastic
dynamics of gene expression, both as time-dependent distributions and stationary distributions,
underlying independent events that give rise to such distributions have not been clear, especially in
the presence of the degradation of gene products, which is not a Poisson process. I show that the
variable following the Poisson distribution is the number of independent events where biomolecules
are created, destined to survive until the end of a given time duration. This new viewpoint enables
me to rederive the Poisson distribution as a time-dependent probability distribution for molecule
numbers in various monomolecular reaction models of stochastic gene dynamics. Additionally, it
allows me to derive an analytic form of the time-dependent probability distribution for multispecies
monomolecular reaction models with species whose lifetimes follow nonexponential distributions,
which is the convolution of the Poisson distribution with the multinomial distribution. This distri-
bution is then utilized for deriving a novel series expansion form of a time-dependent distribution

for a model with a stochastic production rate.
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I. INTRODUCTION

Gene regulatory network(GRN) controls the life process by producing and degrading
various kinds of proteins that perform important biological functions. It is a well-known fact
that the time evolution of mRNA and/or protein molecules in such a network is stochastic [1-
27]. Even when various external conditions such as cellular environments are identical, there
is always intrinsic noise due to remaining uncontrolled factors that influence the GRN of
interest, making its dynamics stochastic. It has been suggested that biological organisms
may have evolved to take advantage of such fluctuations [13].

In simple theoretical models of stochastic GRN dynamics, the Poisson distribution,
Proisson (15 1) = B_M%a (1)
often appears as a probability distribution for the number of mRNA or protein molecules,
both as time-dependent and stationary distributions [1, 3, 16, 17, 23, 25, 26, 28-30]. In
fact, the Poisson distribution arises from a Poisson process, where the probability of an
event occurring during a short time interval [, ¢ + dt] is independent of events in other time

regions [31-33]. Now, consider a simple transcription process where a gene is always active,

and an mRNA molecule X is transcribed with a rate «,
g5 X, (2)

The creation events are indeed independent, forming a Poisson process. Therefore, if we start
from zero molecules at ¢ = 0, then the number n of mRNA molecules at any later time ¢ is
the same as the number of creation events during the time interval [0,¢], and consequently,

it follows the Poisson distribution. However, consider a model where a degradation

x5o (3)

is also included. Now, the degradation is not a Poisson process, although sometimes it is
erroneously described as such in the literature. Since a molecule that already got degraded
cannot be degraded again, the probability of a degradation event happening during the short
period [t,t + dt| depends on how many degradation events happened in times earlier than
t. However, the Poisson distributions still appear ubiquitously in this class of models as
the distributions of the number of mRNA or protein molecules [1, 3, 16, 17, 23, 25, 26, 28—

30]. Furthermore, it has been also shown that an arbitrary time-dependent probability



distribution of molecule numbers in a monomolecular reaction network is a superposition of
convolutions of a Poisson distribution with a multinomial distribution [29]. The universality
of the Poisson distribution in stochastic gene dynamics has also been explained in terms of
queuing theory and non-linear transformation of time [30], but no explicit connection has
been made between the number of molecules and the number of some independent events.

Therefore, I address the following question in this paper: Given that the Poisson dis-
tribution appears so ubiquitously in the stochastic dynamics of GRN as the distribution of
molecule number of mRNA or protein, is this molecule number equal to the number of certain
independent events that happened during a given time interval? As I will show, the answer
to this question is affirmative. In fact, it is the number of events where mRNA molecules
are created, which are destined to survive until the end of a given interval. The answer is
very simple once stated, almost on the verge of being trivial. The most probable reason
that it has rarely been discussed in the literature is that it may have been counter-intuitive
to consider a birth of a particle with a given fate. However, it is important to note that
although the fate of a molecule is not determined at the time of its creation, the probability
of its given fate at the end of the time interval, death or survival, is already determined at
the time of its creation, and it is all that matters in defining a Poisson process.

Using this new viewpoint, I can not only rederive Poisson distributions as molecule num-
ber distributions for models of gene expression with time-dependent rates and a model
with time-delayed degradation, but also derive an analytic form of the molecule number
distribution for multispecies monomolecular reaction model that includes species with non-
exponential distributions of lifetimes, which is a convolution of the Poisson distribution with
the multinomial distribution. Furthermore, by taking the weighted average of these distri-
butions, I can also derive a novel series expansion form of the molecule number distribution
for a model with a stochastic production rate.

The remainder of the paper is organized according to the order of increasing complexity.
In section II, I will briefly review Poisson processes, where I will emphasize the importance
of inhomogeneous Poisson processes, consisting of independent events that do not necessar-
ily follow identical distributions. In section III, I will consider molecule creations without
degradation, a textbook example of a Poisson process. The shifted Poisson distribution
will also be introduced for a nonzero number of initial molecules. In section IV, I will

describe the molecule degradation, which is not a Poisson process. I show that a general



time-dependent distribution of molecule numbers can be expressed as a superposition of
binomial distributions. In section V, I will describe molecule creations with degradations
and the underlying Poisson process. I show that any time-dependent distribution can be
expressed in terms of the shifted Poisson and the binomial distributions. In section VI, a
non-Markovian model with delayed degradation will be considered, where I will not only
rederive the Poisson distribution derived in earlier work with less effort [17] but also derive
a more general time-dependent distribution by convoluting the Poisson distribution with
the multinomial distribution. In section VII, a multispecies monomolecular reaction net-
work model that includes species with finite upper limits on their lifetimes is studied, and
derive a time-dependent distribution of molecule numbers in the form of a convolution of a
Poisson distribution with a multinomial distribution. This model is generalized in section
VIII to a multispecies monomolecular reaction network model that includes species with
non-exponential distributions of lifetimes. This model encompasses all the models in the
previous sections as special cases, and again I find a general time-dependent distribution of
molecule numbers in the form of a convolution of a Poisson distribution with a multinomial
distribution. A model with a stochastic production rate, the one-species telegraph model,
will be considered in section IX, where the probability distribution of the molecule number is
neither Poisson nor its convolution with a binomial distribution. However, by taking linear
combinations of the distributions derived in the previous sections with different parameter
values, it will be shown that for a model without degradation, a time-dependent distribution
for arbitrary initial condition can be expressed in terms of convolutions of confluent hyper-
geometric functions and binomial distributions, which leads to a novel series representation

of the distribution. Finally, the discussion is given in section IX.

II. THE POISSON DISTRIBUTION AND POISSON PROCESSES

The Poisson distribution in Eq.(1) is specified by a single parameter p, the expected num-
ber of independent events in a given time duration. If we partition the time interval [0, ¢] into
N sub-intervals of small size At = t/N, then the probability of events happening more than
once in each sub-interval is O ((At)?), and the probability of a single occurrence of the event

takes the form p = MAt+ O ((At)?) when such a probability is time-independent. Therefore,
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the total number of events in [0, ¢] approximately follows the binomial distribution!,

Pinn{1{N.}) = (1= ) ()

the distribution of the number of successes in N independent and identical trials, with a
success probability of p at each trial. The Poisson distribution is recovered by taking the
limit of N — oo with u(t) = Np = M fixed (Appendix A):

e~ 1)

PPoisson(n; ,U/(t)) M(t)n (5>

where p(t) is the expected number of events in the time-interval [0, ¢].

An important point to note here is that the condition of identical trials is not required
to obtain the Poisson distribution. We only have to require independent trials [31, 32]. In
this case, the binomial distribution in Eq.(4) is generalized to

Priwom(i{pr, - oon )= Y papecoop [ (01— (6)

{i1<i2"'<in} k¢{7’1771n}

where the probability of success at i-th trial is p;, and the summation is over all distinct
set of n indices {i; < i, -+ < i,}. Again, the distribution in Eq.(6) becomes the Poisson
distribution in the limit of At — 0, now with the time-dependent function A(¢), so that

fo t')dt' [32](Appendix A). This is the process where the probability of an event
happemng in an infinitesimal time interval [t,¢ + dt] is A(¢)dt, called an inhomogeneous
Poisson process, to distinguish it from the case with constant A, called a homogeneous

Poisson process.

III. MOLECULE CREATION WITHOUT DEGRADATION

This is a simple birth process

o 29 x, (7)

! The range of n in the probability distribution P(n,t) will be considered to be all the integers without any
restriction in this work unless specified otherwise. This is acceptable as long as we set P(n,t) = 0 for
illegitimate values of n. All the explicit forms of probability distributions considered here such as binomial,
multinomial, and Poisson distributions contain factorials of negative integers in the denominators whenever
the value of the molecule number is out of legitimate range, and vanish because (j!)~! = [['(j +1)]7! =0
whenever j is a negative integer. Taking the range of the molecule number to be the whole integer is
especially convenient for summation, where the summation index can be shifted freely, which I will do

throughout the text without further elaboration.
5)



where X describes an mRNA or protein molecule, and the creation rate «(t) is time-
dependent in general. Since molecule creations at distinct time points are independent
of each other, these creation events form a Poisson process. If the number of molecules is
zero at ¢t = 0, then the molecule number n at a later time ¢t > 0 is equal to the number of
creation events in the time interval [0,¢]. Therefore, the probability distribution P(n,t|0)
of m, under the condition of vanishing initial molecule number, is given by the Poisson
distribution P(n,t|0) = Ppoisson(1; p(t)), with pu(t fo a(t)dt'.

Even when the number of molecules takes a non-zero value ny at ¢t = 0, the number of
molecules n at a later time ¢ > 0 is simply ng + n’ where n’ is the number of creation events
in the time interval [0, ¢]. Therefore, n’ = n—mny still follows the Poisson distribution, leading

to the distribution for n given by

e H(t)
mﬂ(t)n . (8)

Eq.(8) is what I will call a shifted Poisson distribution.

P(n7 t‘nO) =

Up to now, we wrote down the specific probability distribution for the model, but one
can also consider the master equation describing the probability distribution dynamics,

OP(n,t
OPUT) — (1) [Pn— 1.1) — P(n. 1) )
It is straightforward to check that Eq.(8) is a solution of the master equation (9) by direct
substitution. By the linearity of the master equation (9), an analytic form of the general
solution with an arbitrary initial distribution P(n,0) = v(n) can be constructed by super-
posing the expressions in Eq.(8),
e_:u'(t)
— — n—no
t) =Y P(n,tlng)v(ng) = Y mﬂ(t) v(no). (10)
no no
As we will see, arbitrary time-dependent distributions in various models of stochastic gene
dynamics can be naturally expanded in terms of shifted Poisson distribution, similar in the
form to Eq.(10).
From Eq.(10), we see that the master equation (9) admits stationary solutions
e_u(oo) n—n,
Pa(n) = Z mu(oo) (o) (1)
that depend on initial distributions, if and only if (oo fo s)ds exists. In particular,

for a constant rate a, there is no stationary solution because ,u(t) = «at increases indefinitely
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with time, and P(n,t) converges to zero pointwise for all n. In this case, all the states in

the Markov chain are transient states [34].

IV. MODEL ONLY WITH DEGRADATION

This is a simple death process

x 29 4 (12)

In contrast to the creation process in the previous section, this process is not a Poisson
process, because any molecule that has been degraded cannot be degraded again. Therefore,
the degradation events are not independent, and the probability of a degradation event
depends on the number of molecules available. The master equation describing the dynamics

of this model is
OP(n,t)
ot

To get a non-zero number of molecules, the initial number ny of molecules must be non-zero.

=0Bt)[(n+1)P(n+1,t) —nP(n,t)]. (13)

The number of molecules at later times can be obtained by using the fact that the event
of a given molecule surviving at a later time ¢ is independent of what happens to other

molecules, whose survival probability is given by

Paare(110) = exp (— /O t 5(8)d5> . (14)

Therefore, the number n of surviving molecules at time t for given value of ng follows the

binomial distribution

’rl()!

P(n,tng) = Poinom (7 {10, Psurv (t]0)}) = !psurvmo)n(l — Psurv(t]0))"07". (15)

nl(ng — n)
It can be checked that the expression in Eq.(15) is the solution of the master equation (13)

by direct substitution. Again, the general solution with an arbitrary initial distribution

P(n,0) = v(n) can be constructed by the superposition

P(n,t) = Z P(n,tlng)v(ng) = Z no!

no

mpsurv(ﬂo)n(l - psurv(t|0))”°_”y(n0)' (16)

A Poisson distribution appears in the special case where the initial distribution is Poissonian:

v(n) = el (17)

n!



in which case we obtain the Poisson distribution P(n,t) = Ppeisson(n; pt(t)) with

,u(t) = MDpsurv(tl())a (18)

because the superposition of binomial distributions weighted by a Poisson distribution is
again a Poisson distribution [32](Appendix B). In the next section, I will show that this
distribution can be interpreted as a result of a Poisson process.

When the integral fot B(s)ds diverges as t — o0, as in the case of a constant /3, we get
limy 0 Psury (£/0) = 0. In this case, we see from Eq.(16) that the probability distribution
approaches the stationary distribution

lim P(n,t) = Ps(n) = 0p0, (19)

t—o00

regardless of the initial distribution.

V. MODEL WITH BOTH CREATION AND DEGRADATION

This model is described by

@ﬂX, XM@, (20)

which belongs to a class of models called the birth-death models [31-33]. Let us first consider
the case where the number of X molecules is initially zero. Molecules are created in the time
interval [0,¢], but only a fraction of them survive at ¢, which I will call surviving molecules.
When a molecule is created in the short time interval [t/, ¢ + dt’] with ¢’ < ¢, its fate at ¢ is
undetermined, but the probability of its survival pgu. (t|t') at time ¢ is already determined

to be .
1) =0 (= [ (61a5), (21)

v
and consequently, the probability that a surviving molecule is created in [/, ¢’ + dt’] is given
by psury (t[t")(t')dt’, independent of events that happen in other regions of time. Therefore,
the number of molecules at a later time ¢ is equal to the number of these independent events,
the creations of molecules destined to survive until ¢, during the period [0, ¢]. Therefore, the

molecule number follows the Poisson distribution Pposson (7 1£(t)) with

)= [ pamttisiatoris = [ exp (= [ arta) alsyis, (22
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The master equation for this model is

% =a(t)[P(n—1,t) — P(n,t)| + B6(t) [(n + 1)P(n+ 1,t) — nP(n,t)], (23)
and it is straightforward to check by direct substitution that Ppoisson(7; 4(t)) with p(t) given
by Eq.(22) is a solution of this equation.

We noted in the previous section that the distribution of the molecule number in the
degradation-only model is Poissonian for ¢ > 0 if the initial distribution at ¢ = 0 is also
Poissonian. In fact, this distribution can be considered as a special case of the Poisson
distribution in the model with a time-dependent creation rate «(t), by shifting the origin
of time: We start from zero molecules at some time t; < 0 so that we obtain a Poisson
distribution for P(n,0). We then require that a(t) = 0 for ¢ > 0 so that the model reduces
to the degradation-only model for ¢ > 0.

The probability distribution converges to a stationary Poisson distribution if and only if

the expected number of surviving molecules at ¢ — oo, given by the integral

oe) = [ ety (- [ st ) as, (24)

is finite. For example, if the rates a and 8 are constants, we get

u(t) = /Ot e~ 9B s = %(1 —e P, (25)

and
Hoe) = 5. (26)
Now consider a more general situation where the initial number of molecules is ng. The
number of molecules at a later time ¢ is the sum of the number n; of surviving molecules
among initial ny particles, whose distribution follows the binomial distribution in Eq.(15),
and the number ny of surviving molecules created during the interval [0, ], which follows
the Poisson distribution. Therefore, the probability distribution P(n,t) for the molecule
number n is expressed as a convolution of the binomial distribution and the shifted Poisson
distribution:

P(”y t‘nO) = Z Pbinom(nl; {nOapsurv<t|0)})PPoisson(n2; H’(t))

ni+ns=n

’]’LO! e_u(t)u<t)n_n1 B
= surv t10)™ (1 — surv t|0))"° nla 27
2 sl — il =y P (10" (1= e (110)) (27)

ni



where pgu (t]0) and p(t) are given by Eq.(14) and Eq.(22), respectively. Here, u(t) is not
the expected number of molecules at ¢t anymore. p(t) is the expected number of surviving
molecules created within the time interval [0, ¢], and one has to add the expected number of
surviving ones among the initial ng molecules in order to get the expected total number of

molecules, which I denote as E[n|n]:

TL|TL Z TLP n t|n0 Z (nl + n2)Pbinom(n1; {n07psurv(tl())})PPoisson(nQ; :u(t))

ni,n2

— Z nlpblnom(nly {n07psurv t‘o Z PPOISSOH n27 ))

ni

= NoPsurv (t0) + p(t)

— g exp (_ /0 t 5(5>d5) + /0 Cexp (- / t ﬂ(u)du) a(s)ds (28)

It is straightforward to check that the distribution in (27) is a solution of the master equation
(23) by direct substitution (Appendix C). Eq.(27) is a special case of the time-dependent
distribution for a more general multispecies monomolecular reaction network [29], whose
generalized versions will be discussed later in sections VII and VIII.

By the linearity of the master equation, the solution for an arbitrary initial distribution

P(n,0) = v(n) can be constructed by superposing the distributions in Eq.(27),

P(n,t) =) P(n, tIng)v(no)

v(ng)nele O p(t)n—m -
= surv (£]0)™ (1 — paury (£]0))0 7" 29
2 iiTng — ri(n — P (0" (1= P (£10) (29)

no,n1

The analytic expression for P(n,t|ng) in Eq.(27) is plotted with solid lines for time points
pt = 0.1, 0.5, and 2.0 in Figure 1, for « = 5.08 and ng = 10, where the distribution
converges to a Poisson distribution with p(oo) = % = 5.0. The results obtained by Gillespie
stochastic simulation [35] are also shown with filled circles, which agree almost perfectly

with the analytic formula.

VI. MODEL WITH TIME-DELAYED DEGRADATION

Due to the complex mechanism of protein degradation, there can be a time delay in
protein degradation. A model with time-delayed degradation attempts to capture such

behavior, and once a molecule enters the degradation process, it gets degraded after a fixed
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FIG. 1. The probability distribution P(n,t|ng) of the molecule numbers for the model with molecule
creation and degradation, obtained using the analytic formula Eq.(27) for gt = 3.0, 5.0 and 7.0
(solid lines), with the initial molecule number ny = 10 and the parameter o = 5.05. The dashed
lines are the results for the two species model with n{ = nd = 10, 81 = B2 = 8, a1 = as = 5.0,
and c12 = co1 = (3, obtained using the analytic formula Eq.(52). The symbols on top of the lines
are the results of the stochastic simulations, where 10° independent simulations were averaged.
The dependence on the initial molecule numbers is omitted in the vertical label for notational

simplicity.

time delay 7 [16]. A more general model where the molecule is allowed to get degraded

before T was also constructed [17], which I will examine in this section in detail. The model

11



is
o5 X, Xalo, Xa5 X, X, = @, X 5o (30)
Here, X; is an inactive molecule that has entered the degradation process. An active
molecule is denoted by X4, which can undergo instantaneous degradation with rate ~.
It can enter the delayed degradation process with rate 3, at which point it becomes inac-
tive and gets degraded after time 7 with certainty, but it can also undergo instantaneous
degradation with rate ( before the delayed degradation process is complete. Although it
is straightforward to allow for time-dependent rates, I will keep them time-independent in
order to compare the result with that of ref. [17], as well as for notational simplicity.
This model is non-Markovian, and the master equation for the probability distribution

P(na,ny,t) takes the form

dP(na,ny,t B
% = (E; — DaP(na,nr, t) + (E} — 1)ynaP(na,ns,t)
-+ (EZEI_ — 1)ﬁnAP(nA,n1,t) -+ (E}i_ — 1)Cn1P(nA,n[,t)
+ ZP*(nA, ny — 1, 7|0’y — 1)/, P(ny,t — 7)e™°7, (31)
ny

where Ei]f(nAJ) = f(nar £1), P(na,t) = )., P(na,nr,t) is the marginal probability
for na, and P*(na,ng, t|n’y — 1) is the probability under the initial condition of n/y — 1
active molecules and no inactive molecules, obtained by neglecting the time-delayed degra-
dation [17]:

dP*(na,ng, tin'y — 1)

dt EA )QP (nA7n17t|nA 1) + (Ej - 1)7nAP*(nA7nI7t|ni4 - 1)

= (
+ (EYE; —1)BnaP*(na,ng, tin’y — 1)
( )CTL]P (nAa nr, t|nA - 1) (32)

Eq. (31) along with Eq. (32) admits the Poisson distribution as a time-dependent solution
if the particle number is initially zero or the initial distribution is Poissonian [17]. However,
it is easy to derive the Poisson distribution without going through the complicated process
of solving Eqgs. (31) and (32), by considering the underlying Poisson process.

Note that one of three things happen in a given short time interval of [t', ¢ 4 dt']: either
a molecule that will survive at ¢ as an active one is created, the one that will survive as

an inactive one is created?, or none of these happens. These events are independent of

2 This should not be confused with a birth of an inactive molecule. Every molecule is born active, and only
an active molecule can turn into an inactive one. Here I am considering a birth of an active molecule that

will eventually survive as an inactive molecule at the later time t
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creation events in other regions in time. Also, although the creation of a surviving active
molecule and a surviving inactive molecule are exclusive events, they can be treated as
independent events because they are rare events: even if we assume they are independent,
the probability of more than two molecules created in [/, ¢ + dt'] is negligible. Therefore,
exclusive and independent events are indistinguishable if they are rare (Appendix D), and
the probability distribution for the numbers n4, ny of X4, X; are given by the product of

Poisson distributions,

e_l'LA (t) —HI (t)

P(na,ns,t|0) = pra(t)™ pur ()™ (33)

nalng!
It only remains to compute p4(t) and py(t).
Suppose that a molecule is created at time ¢'. For the molecule to remain active at a
later time ¢, (i) it should not undergo instantaneous degradation (X, - @), and (ii) should
not turn into an inactive molecule (X4 5 x 1), during the intervening time. Therefore, the
conditional probability pa(t — ¢') that this molecule will remain active at ¢ is given by the

exponential distribution in ¢ — ¢/,

pA(t i t/) _ e*a(t*t/), (34)
where a = 8 + v, and we get
t
pa(t) = / apa(t —t)dt' = % (1—e). (35)
0

For a molecule created at time t' to survive at a later time t as an inactive molecule,
(i) it must turn into an inactive one within a short time interval [t;,t; + dt;] such that
max(t',t — 7) < t; < t, (i) it should not undergo instantancous degradation (X, - @)
in the time between ¢ and ¢;, and (iii) it should not undergo instantaneous degradation
(X1 Ny ) in the time between ¢; and t. For a given value of ¢;, such a conditional probability

pr(t,tr|t))dt; is given as
pi(t t|t")dty = e et gy, (36)

Integrating over t;, we get the conditional probability p;(t —t') that a molecule created at

time ¢’ will survive as an inactive one at t:

t 6eat’—Ct ,
pi(t—t) = / p1(t, |t dt; = <e<<—“>f — e(¢-aymax(t vt—ﬂ)
max(t' ,t—7) C —a

B(C )t (00— S0) (<t <),
B¢ —a) e D (1—ele=97) (7 <t—t <t).
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The expected number of surviving inactive molecules, u;(t), is then obtained by multiplying

pr(t —t') by the creation rate o and integrating over t':

IA
~

< 7),

7).

pr(t) = /Ot apr(t —t')dt' = & [%(1 —e) -l - 67%} (0

af |1—e=¢7 | 1—ela=O7 44
99 1= 4 =g et (t

(38)

v

Eq.(33) along with Eq.(35) and Eq.(38) completely specify the time-dependent Poisson dis-
tribution when we start from zero molecules at ¢t = 0, which agrees with the result in ref. [17].
The total number of molecules, n = n4 + ny, also follows a Poisson distribution with the
expectation value pu(t) = pa(t) + pr(t), because the sum of two variables that follow Poisson
distributions also follows a Poisson distribution [33]. The Poisson process underlying the
Poisson distribution for n = nys + n; is the creation of particles destined to survive until
time t, regardless of being active or inactive.

Finally, as in the case of the Markovian model in the previous section, we can derive
general time-dependent distributions by combining the Poisson distribution with the multi-
nomial distribution. However, note that it is almost impossible to allow arbitrary initial
distribution at ¢ = 0. If a non-zero initial value of n; is allowed, there is an ambiguity in
the evolution of the system for ¢ > 0 because the final degradation of the initial inactive
molecules depends on the exact time points at ¢ < 0 that they got inactivated. Therefore,
I will only consider the case where only active particles are present at ¢ = 0, whose number

Y. Given an active molecule at t = 0, the probability that it will survive as an active

isn
molecule and the probability that it will survive as an inactive molecule, at a later time ¢,

are given by Eqgs. (34) and (37), respectively, with ¢’ = 0:

B¢ —a) (e —e (t <7),

pr(t) = ( ) (39)
B¢ —a)temt (1—el=O7) (> 7).

Therefore, the probability that there are n/; surviving active molecules and n/ surviving

active molecules among initial ng active molecules, at time ¢, is given by the multinomial

distribution,

no!

Pru ! ) /; s t), t = t nly t ny
1t(nA ny {no pA( ) pI( )}) n%'”}'(”{] _an _n/I)|pA( ) pI( )

X (1= pa(t) — pr(t))™ra=". (40)
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The numbers of active and inactive molecules at ¢ are decomposed as ny = n'y + n},
n; = n;+n7, where n’jand n/ are the numbers of the surviving active and inactive molecules
created in the time interval [0, t]. Therefore, the probability distribution for n4 and n; at ¢
is given by the convolution of the multinomial and the Poisson distribution:

P(nA,n],t‘n()) = Z Z Prnult nAﬂl]; {nOapA(t>7pI(t)}>

nA+nA na nI—i—nIfn]

X PPoisson(nZl; ,LLA( ))PPoisson(n/[/; K (t))
_ZZ / lnll O_n /I)!pA(t)nAp1<t)nI
n

><(1 — pa(t) = pi(t))" "
—pa(t)—pr(t) t)na—n’ L=
Xe ILL14/< ) A:u{( ) I‘ (41)
(na — )l (ng — nfp)!

We can check that the distribution in Eq.(41) is indeed a solution of the master equation

Eq.(31) by direct substitution (Appendix E). Again, by the linearity of the master equation,
the time-dependent probability distribution for an arbitrary initial distribution of active
molecules,

P(TL%, TL?, O) = U(n?ﬁl)én?Dv (42>

is obtained by the superposition of Eq.(41) weighted by v(ny),

nA?”IJ E P nA7nI7t|n0 nO E E E v nO n' 'n/' n
0

) nA nI

no!

£)ap (1)
e })!pA() pr(t)

x (1 — palt) — pr(t)"e"a
e—MA(t)_HI(t)uA (t)nA—n’A L (t)”f_”ll

T )l (43)

VII. MULTISPECIES MONOMOLECULAR REACTION THAT INCLUDES SPECIES
WITH FINITE UPPER BOUNDS ON LIFETIMES

Is there a common feature of the models considered in the previous sections, which
leads to the Poissonian distribution? In fact, there is, which is that these are examples of
monomolecular reaction networks [29, 36, 37]. A monomolecular reaction network is a set
of reactions where neither the number of reactants nor that of the products exceeds one for
each reaction. It has been shown that for a multispecies monomolecular reaction network of
the form

cij (1)

Xi — Xj (Z 7& j), %) ai—(t)> Xz'; Xl —> @, (44)



for species Xi,---, Xy, the most general time-dependent probability distribution of the
molecule numbers is obtained by superposing the convolutions of the multinomial distri-
butions with the Poisson distributions [29], which is the multi-species generalization of the
expression Eq.(27). In this section, I derive a generalized version of this solution using
the viewpoint of “counting of independent events”, for a monomolecular reaction network
that includes species with finite upper bounds on their lifetimes, so that the model with
time-delayed degradation can be included.

It is clear from the discussions in the previous sections why monomolecularity is so impor-
tant for the appearance of the Poisson distribution. To derive the Poisson distribution, the
number of molecules at a given time should be interpretable as the number of independent
creation events that occurred during some time interval in the past. For a monomolecular
reaction network, the creations of each molecule are independent of each other. Subsequent
degradations or conversions of these molecules are independent of each other as well. A
molecule can disintegrate, but it does not get split into more than one molecule, and con-
sequently, we can talk about a creation event of a molecule that will eventually survive at
a later time as a particular species X;. This would be difficult if the number of reactants
or products of some reaction is greater than two, where the fates of different molecules get
entangled with each other.

The model in Eq.(44) is generalized to include species with finite upper bounds on their
lifetimes, so that it encompasses the model with time-delayed degradation discussed in the
previous section, by including additional reactions X; = @ with 7; € [0, 00], so that we

have

cij (1) Xj (Z £ ]), & ai_(t)> X, X 'BZ—(t)> g, X; :> J. (45)

Xi
That is, there is an upper limit 7; that species X; can persist without transforming to other
species, after which it must disintegrate. For a species X; without a finite bound on its
lifetime, we can simply set 7; = co. Then the delayed degradation model in the previous
section corresponds to the case with ¢ = 2, ay = ¢91 = 0, and 7, = 00, whereas the model
in Eq.(44) corresponds to the case of 7; = oo for all 7. Just as in the previous sections, we
note that if the number of molecules has been zero for ¢ < 0, the number of X; molecules at
a later time ¢ is again equal to the number of creation events of molecules during the time

interval [0, ¢], which are destined to survive as X; at the end. Since these are independent

events, we deduce that the joint probability distribution for the molecule numbers at time
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t is the product of the Poisson distributions

¢
et
P(ny, -+ g t)0) = ]| M (46)
i=1 v
where p; is the expected number of molecule creations during [0,¢] that are destined to
survive as X; at t. The probability that such a molecule is created as X, during the time
interval [t',#' 4+ dt'] is the product of the probability «;(t")dt’ that a molecule of X is created
in the interval and the probability p(surV (t|t’,T) that it will survive until time ¢ as X;. The

expected number pu; of these creation events are then obtained after the summation over j

and the integration over t’,
- [ ot o (47)

Note that in general, the probability that a given molecule at time ¢’ will survive at a later
time depends on the history of that molecule. Therefore pl(;urv) (t|t', T) is specifically defined
as the survival probability conditioned on the creation of X; molecule at time t'. Also, the
dependence of plsurv) (t|t',7) on T = (71, -+ ,7) is explicitly shown to emphasize that the
probability is conditioned on 7 as well as t'.

Surv) (t|t/,T) can be obtained by considering its change with time. As elaborated in

Appendlx F, the equation describing the time evolution of pfurv) (t|t’, T) is given by

p(surv t|t 7_ Zsz; (surv t|t T)

t
_ Texp (/ BZZ(U)dU) Z szz(t — Ti)pl(:urV) (t _ Tl‘t 'T)
t—7; ki

~ Texp ( /tt Bii(u)du) 50t — 75 — ') (48)

where
Bji(t) = ci(t) (i # J)
l ¢
== cylt) = =Bit) = Y _cilt), (49)

=0 j=1

and p,:]urv (t"|t',7) = 0 for " < ¢'. The term on the right-hand side of the first line of
Eq.(48) is the contribution from the interspecies conversion at time ¢. The second and

the third line come from the disintegration of X; molecules that have been surviving from
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t — 7; without transforming to another species, where the second line is the contribution
from those converted from another species at ¢ — 7;, and the third line is the one from X
molecules that was created at ¢’ when ¢’ =t — 7;. Eqs.(48) along with the initial condition
psurv (¢'|t',T) = 0;; fully specifies pljurv (t|t’,7) for t > t’. The equation for y; is then
obtained by taking the time derivative of Eq.(47) and using Eq. (48),

fultlT) = ai(t) + ) Bu()uu(t]t', 7)

t
— Texp </ du) ZBZk ) pr(t — |t T)
t—7;

k#i

~ Texp ( /t tn Bl-i(u)du) ailt — 7:) (50)

where a;(t") = p;(t") = 0 for ¢’ < 0. The detailed steps for the derivation of Eq.(50) are also
presented in Appendix F. Eq.(50) along with the initial condition p;(0]7) = 0 fully specifies
wi(t|T) for ¢ > 0, which in turn fully defines the time-dependent probability distribution
Eq. (46) of molecules numbers for the system in Eq.(45), when the numbers of the molecules
are zero for t < 0.

Without loss of generality, let us assume that 7, = oo for 1 <7 < m, with 0 < m < /.
Then we can consider a more general initial condition with nonzero initial numbers of X;
molecules for ¢ = 1,---m, as was done in the previous section for the model with a time-
delayed degradation. First, for a given species X; (1 < i < m) with the initial number
of molecules n?, let us denote the number of molecules that survive until time ¢ as species
X; (1 <j <) as n;. Then, the number of those that decomposed among the initial n{
molecules is nY — Z§:1 n;;, and the probability for n; = (n;1, n2, - --nye) is given by the
multinomial distribution,

(surv) ny! : (surv)
Pmulti<nl7 7,7pz (t|077—)) - p <t|0 T>n1k

] ]
[T il (nd = 32, map)! )

£
—2ur=1Tr

¢ ng =%
X (1 - Z ) (4]0, ﬂ) : (51)

where p™™(t[0,7) = (pE™ (4]0, 7), P (£0,7), - -+, pS™™ (¢]0, 7). Denoting the number

of X; (1 < j < ¥) molecules at time ¢ as nj, we see that n; = > " n;; where ng; is the

=0
number of newly created X; molecules during the time interval [0,¢], whose probability

distribution was already written down as Eq.(46). Therefore, the time distribution of the
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molecule numbers is expressed as a convolution of m multinomial distributions and ¢ Poisson

distributions,

P(nla"' 7n€;t’n(1)"" >ngw7-) = Z (HPmulti(ni;n?apgsurV)(tyoaT))>

Z;'n:o n;j=n \i=1

X (H PPOiSSOIl(”Ok‘; Hi (t))> . (52)

k=1

The distribution in Eq.(52) encompasses Eq.(46) as a special case when n{ = 0 for all i.

As in the case of the model with delayed degradation considered in the previous section, I

do not consider more general initial conditions with nonzero numbers of species with finite

upped bounds of their lifetimes: For those species, the degradation probability of a molecule

depends on the history and therefore the evolution of the probability distribution is not

determined solely by the distribution at ¢ = 0. As in the previous sections, for an arbitrary
0

distribution v(nY, - - - v2)) of molecules of species Xi, - - , X,,,, the probability distribution of

the molecules numbers at a later time is given by

P(ny, -+ ,ngt|T) = Z P(ny, - ngtnd, - 0l mond, - nb), (53)
nd,ng,
which is a generalization of Eq.(43). When m = ¢, the expression for P(ny, -+ ,ng t|n%, -+, n2 1)

in Eq.(52) reduces to that for the model in Eq.(44) without finite upper bounds on molecule
lifetimes, as detailed in Appendix G. In this case, I will drop the 7 dependence altogether
and simply write P(ny, - ,ngtnd, -+ nY 0o, --00) as P(ny, - ,ngtnd, -+ ,nd). The
probability distribution P(nj,ng;t[10,10) is shown in Fig. 1 as dashed lines for the model
with £ = m = 2 and ¢ = ¢ = 8 = 1 = (s, for the timepoints at St = 0.1 and St = 0.5.
Since the distribution converges to a Poisson distribution with u(oc0|10,10) = 5.0, the graph
for the St = 2.0 almost overlaps with the solid line and therefore was not plotted. Although
the initial number of molecules for each of the species X; and X,, as well as the stationary
distribution, are chosen to be the same as those for the one-species model plotted by the
solid lines, we find that the transient behavior of the distribution is different because of
the interspecies conversion. The results of the Gillespie simulation [35] are also shown with

filled squares, which show nearly perfect agreement with the analytic formula.
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VIII. MULTISPECIES MONOMOLECULAR REACTION THAT INCLUDES SPECIES
WITH NON-EXPONENTIAL DISTRIBUTIONS OF LIFETIMES

Now I generalize the model in Eq.(45) one step further, and consider a case where the
lifetime 7; of a X; molecule created at time ¢ is a stochastic variable that follows a general

time-dependent distribution f;(7;|¢). This model can be written as

2O x; (i#4), 2% x, Xiﬁg' (54)
Tilt

Xi

The model in Eq.(54) includes the model with a time-delayed degradation with stochastic
delay time [16] as a special case. The independence of the creation events remains unchanged,
so the probability distribution of the molecule numbers is still of the form Eq.(46) when the
molecule numbers vanish for ¢ < 0, only with the change of the expressions for p;. First,

the survival probabilities are now obtained as

l
ﬂmeq_/ﬂ“/pwwmﬁﬂIIﬁmMMm, (55)
k=1

and therefore

t
0

u@:/[ﬂ/hmmmwwwwﬁimww. (56)

When the distributions fy(7;) are time-independent, Eq.(56) is further simplified as

ut) =] / Felro)dmop(t|). (57)

Note that we do not have to treat the process X; Bl—(t)> @ separately in Eq.(54), since it

can be incorporated in X; ﬁ @ by using fi(7:|t) = Bi(t + ;) exp (— :Jm @(u)du). The
Til|t

crucial generalization in the model in Eq.(54) is that non-exponential function is allowed as

f(7]t), of which the exponential distribution along with finite upper bound considered in

Eq.(45) is a special case.

When f;(1;|t) = B(t + 7;) exp (— tt+7iﬁ(u)du> for i = 1,---m (m < (), then we can

consider a more general initial condition with nonzero molecule numbers n?,---  n% for

Xy, X,,. Using the same logic as in the previous section, we find that the corresponding
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probability distribution P(nq,- -, ngt[n?, -+ ,nl) at a later time ¢ is again given by

P(nlv"' 7n€;t|n[1)7"' angn) - Z (Hpmulti(ni;n?apz(surV)(ﬂO)))

m -
=0 n;=n 1=1

¢
X (H Ppoisson (Nok; Mk(ﬂ)) : (58)
k=1
with p™™(¢/0) and p(t) given by Eqs.(55) and (56). This is the probability distribution
expressed as a convolution of the multinomial distribution with the Poisson distribution in
the most general settings discussed in the current work, that encompasses all the results in
the previous sections as well as those in the literature [16, 17, 28, 29, 36] as special cases.
The average and the variance of the molecule number are found from the well-known
results for multinomial and Poisson variables:

E[m’n?, 777,2”]@) = Z niP(nl,..- ’ne;t|n?7... N an surv) t\O

N1, ng

(i = Blmdn -] <t>)2

Var[n;|[n¥, -+ ,nY](t) = E

+an (surv t|0 (surv) (t|0)) (59)

E[n;|n?, -+ ,nl](t) and Var[n;|n?,--- ,n](t) for the model with £ = 3, m = 2, fi(r;) =

m

fa(r2) = Be ™77, f3(m3) = 0.56(13 — B71) + 0.56(15 — 2871), a1 = g = c12 = €21 = 3 = f3,
a3 = c3; = 0, are plotted as the function of 3t in Fig. 2, for the initial condition of n{ = n9 =
2. This is the model where the species X; and X, are created with the same rate and freely
convert to each other, but X; goes through usual exponential degradation whereas the X,
goes through delayed degradation by first transforming to X3, which will decompose after
either 1.0~ or 2.08~! with equal probabilities. The parameters and the initial conditions
are chosen so that X; and X, exhibit the same behaviors. We see discontinuity in the
derivative of E[ns|2,2]|(t) at the two delay times St = 1.0 and gt = 2.0, because of the
nonzero initial numbers of X,. Half of the X3 molecules that began to be converted from
X5 molecules at ¢ = 0 begin to disintegrate at ¢ = 1.058 due to the exhaustion of their
lives, and the remaining half begin to die at t = 2.08. Such discontinuities in the derivative
would be absent if we had nZ = 0. Initially, E[n;]2,2](t) and Var[n;|2,2](¢) differ, but they
converge at later times as the effect of the initial molecules dies out and the distributions

approach Poisson distributions. The simulation result using Cai’s extended version [38] of
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E[ni] (E[ng]) ——
Var[n{] (Var[ng]) ——
E[ng]

Var[ng|

E[ni](t) and Var[ni](t)

FIG. 2. E[n;|2,2](t) and Var[n;|2,2](¢) as the function of §¢, for the model with fi(71) = fa(m2) =
Be BT, f3(m3) = 0.56(m3 — B71) +0.56(13 — 267), a1 = ag = ¢12 = ¢o1 = ca3 = fB, a1 = c3; = 0.
The filled circles are the results of stochastic simulations, where the results of 10° independent
simulations were averaged. The dependence on the initial molecule numbers is omitted in the

figure legend and the vertical label for notational simplicity.

the Gillespie algorithm, where delayed reactions are allowed, is plotted with filled circles,

again exhibiting nearly perfect agreement with the analytic formula.

IX. MODEL WITH STOCHASTIC RATES

Various external noise sources can be modeled by treating rates themselves as stochastic

variables [23, 25, 26, 39]. These models can be used to emulate the regulation of the expres-
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sion by the transcription factor binding [25, 39], or the extrinsic noise due to heterogeneous
cellular environments [25]. When the creation rate is a stochastic variable, the creations
of the molecules form a Poisson process only if the creation rate has no temporal correla-
tions, which is not valid for most of the non-trivial models. However, for a given realization
of the history of such a stochastic creation rate, we get a creation rate «(t) with a fixed
time-dependence, and we obtain a Poisson process as the probability distribution of the
molecule numbers, for a monomolecular reaction network. Therefore, a monomolecular re-
action model with stochastic rates can still be obtained by from the probability distribution
considered in the previous section, by taking a weighted average with respect to the values
of u. As a concrete example, I consider a one-species model with transcriptional pulsing,
also called the telegraph process [25, 39, 40].

D%D*, DA D +X, X2, (60)

b

In this model, the gene is transcribed only when it is in the active state, denoted by D*.
Since the transition between the active and the inactive states of the gene follows stochastic
dynamics, the model can be considered as a model where the production rate itself is a
stochastic variable. For a given path of D k#f D* transition, the model reduces to the one
with a predetermined time-dependent produ’z:btion rate (t). Therefore, if the initial number
of molecules is zero, the distribution P(n,t) is given by the Poisson distribution with pu(t)
given by Eq.(22). The stochastic dynamics of the gene is incorporated by taking the average
with respect to the path probabilities of the gene, and since each path leads to a Poisson
distribution with its own parameter, the final expression is a weighted average of the Poisson

distributions with distinct parameter values

—p

P(n,t) = /OOO p(p, t)en—!u”du, (61)

where p(u,t) is the probability distribution for the Poisson parameter p at time ¢, obtained
from the stochastic dynamics of gene [40]. According to the formalism presented in the
previous sections, the distribution for arbitrary initial distribution is obtained by convoluting
the shifted Poisson distribution with the binomial distribution and then taking the weighted
average with respect to the initial distribution, for a given value of p. Therefore, after taking

the weighted average over u values, the general time-dependent distribution is

U.<n0)n0!psur"(t’0)m (1 — psurV<t|O>)nO_n1 /OO - —
P - ; . n, n—ni 2
(n7 t) Z nll(no — nl)'(n — n1>| ) Pj ([/J, t)e " dlu’ (6 )

ng,n1,j
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where v;(ng) is the probability that the initial gene state is j (= I, A) and the initial number
of molecules is ng, and p;(u,t) is the probability density for 1 under the condition that the
initial gene state is j (= I, A). For the model in Eq. (60), the computation of p(u,t)
simplifies considerably for 5 = 0 since p then depends only on the total duration 7 of the
gene in the active state so that u = a7. In this case p;(u,t) = a'p;(7,t) where p;(7,1) is
the conditional probability density for 7 for the given value of ¢ and j.

Let us first consider the contribution to p;(7,t) from the path where the transitions occur
2m + 1 times with an integer m(=0,1,2,---) so that the final state is active. If we denote

oA

the dwell times in the inactive states as ¢1,¢5--- ¢! | and t', ¢4 - - 14, respectively, then

the contribution from a given sequence of t/s and ts is:
I LA T LA _ _
e ke M kg x o x e R tmi e Retmi = k;”lk;"e Ry (t=) ghor (63)

where we used the fact that Zf:{l t! =t—7and E:’:{l t4 = 7 to get the second expression.
Similarly, if there are 2m +2 (m = 0,1,2,---) transitions so that the final state is inactive,

the corresponding contribution for a given sequence of tfs and s is
_ I _ A _ I _ A _ 1 — —
e krty kfe kpti kb X X e kgt kf@ kot 1 kbe Eftoin — ]{;;n+1]€gn+1e ky(t T)ekbf_ (64)

Finally, the probability that the gene does not make a transition during the time interval
[0,%] is e7*t. Also, we have the conditional probability Prob(0 < 7 < At[no transition) = 1

for any At. Therefore, the contribution to p;(7,t) from the path with no transition is
e "o (1), (65)

where 04 (7) is the analogue of the dirac delta distribution defined on the set of non-negative

numbers, defined by
| s = o). (66)

for any function f(7). pr(7,t) is then obtained by integrating the expressions in Eqgs.(63),

(64), and (66) over possible values of tfs and t{'s, and then summing over m, where the
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integration is decoupled and becomes multiple integrals of unity,

—1,A

A T_Z?;llti
pr(7,t) = e Fst=7) —kaka“kb/ / / dt? .. gt
m>0 0

I

t—7  pt—r—t! t—r—> M ¢!
x/ / / dt{nmdtgdt{

+ e—kft T) —kaka+1km+1/ / / i 1 K th dtQAdtf

m>0

S Cdtl il 4 et
ma1 " oaty +e 5+( )

i Tm<t T)m 7”(t _ 7—)’”"‘1
e—kfte(kf—kb) < E kfm-&-lkme + E kfm+1kbm+1 7 : 5+ (7_)
6

— ml(m + 1)!
(67)

pa(7,t) is obtained by switching ks <+ ky and 7 <> t — 7 in p;(7, 1),



Therefore, the probability distribution for the molecule number is

vj(ng) [ S
P(nt)=) n]_ ) '/o pr(p, t)e  ut "0 dp

nogIA

—Z — / e~ (o)

m+1
x| vg(ng)e Mttt (ka“k: —+ka+1km+1—T UL IS (ﬂ)
o b m! (m+ 1)Im! *
kft (kg—kp)T m m+1T m+1 m—i—lT )
+ valng)e (Zk % —+Zk G

. (at)rmo v (na)e— kst
el

(kpt)™ L (kpt)™(n — ng +m)!
X (Z f(n—no—i—Qm—l—l)!m!

-
T)im + 64 (t — ))]dT

O(n—ng+m+1,n—ng+2m+2;(kf —ky — a)t)

n Z k‘ft m+1 kbt)m+1 (77, — Ny + m)

d(n — 1,1 — ng + 2 3;kz—k—t>
(n —ng +2m + 2)Im! (R =no+m+1n—no+2m+3;(ks =k —ajt)

_ k)™ (kyt)™ 1 (n — ng +m)!
k‘ft( (f b 0
+ valno)e Zm: (n —ng+2m + 1)lm!
X ®(n—ng+m+1,n—ng+2m+2;(kf —ky — a)t)
ktm+1ktm+1 _ + +1
+Z t) pt)" T (n —ng +m + 1)!
(n—mno+2m+2)!(m+ 1)!

<I>(n—n0+m+2,n—n0+2m+3;(kf—k:b—a)t)>

m>0

+ va(ng)e”® It 4oy (n)e kst

B 0 e L0 P e Y R R VR
B (n—n)(p+q+r+n—neg+ D)plglr!(r +n —ne —1)!

no,n,p,q,r
- va(no)e ™ (at) " (kyt)? (kyt) " (=1)"" (p + 7 + 1 — o) (g + 7+ 1 —np — 1)!
(n—n)!(p+q+r+n—ny)plgri(r+n—mng—1)!

no,n,p,q,r

+ vr(n)e kst (69)
where ® (v, 7; 2) is the degenerate hypergeometric function, also called Kummer’s confluent

hypergeometric function, defined by

. az olatD2 aatl@+2)z
q)(a’%)_1+vl'+v(v+1)2!+7(7+1)(7+2)3!+ ’ (70)

and T used the fact that [41]

“ m!n!
YT ,,.m - no_ m+n+1(1) 1 2 7]_
| ey = e b Lo+ 2, ()

26



to perform the 7 integral. The last expression is obtained by using the series representation
of the confluent hypergeometric function (Appendix H). The generating function for this
model has been obtained in ref. [39] for the special case of v(n) = d0,,0. Although it is difficult
to derive the series representation in Eq.(69) starting from the generating function, one can
numerically check that it agrees with the generating function obtained from Eq.(69).

Note that for kf = k;, = 0 and v;(n) = 0, the model reduces to the model only with the
molecule creation, so the system does not reach a stationary state. However, if k, > 0 and
k¢ = 0, the transcription gets turned off at some point and therefore the average molecule
number will not increase indefinitely, and the system will eventually reach a stationary state.
One can indirectly see this by computing the average number of molecules at a given time t,
assuming that the initial number of molecules was zero. If the transcription was turned off

at tog < t, then the conditional expectation value is (n(t)): , = atog. On the other hand, if

toft
the transcription is turned off at t,g > ¢, then we have (n(t)), , = at. Since the probability

ket

density po(tofr) for tog is the exponential distribution kye *'f we have

) t [e'e)
w(t) = / (n(t)) 1. post (toft) = / akytoge ot dt g + / akyte Fotor gt o
0 0 t

= g(—kbte_kbt +1— e_kbt) + ate Mt = g(1 — e_kbt), (72)
ks ky,

whose form it the same as Eq.(25), with &, playing the role of the degradation rate constant
B. Also note, however, that the distribution here is not Poissonian. The analytic formula
Eq.(69) is shown in Figure 3 for initial distribution is (va(n),vr(n)) = (d,0,0) and the
parameters (ky/a, ky/a) = (0.0,0.1), for the time points at = 3.0 and 7.0, where the values
of P(n,t) are connected with solid lines. The results for k;, = 0.0 are also shown with dashed
lines, where the other parameters and the initial distribution are the same as those of the
solid lines. We see that the average number of molecules for k, = 0.1« is less than that for
ky, = 0 as expected, and the distribution develops a second peak at n = 0. The Gillespie
simulation [35] results for k, = 0.1 are also shown with filled circles, which show almost
perfect agreement with the analytic formula.

As another check for the expression in Eq.(69), the results for at = 3.0, 5.0, and 7.0, for
the initial distribution (va(n),vr(n)) = (0.50,0,0.50,0) and the parameters (ks/a, ky/a) =
(0.5,0.1) are compared with the results of the Gillespie stochastic simulations [35] in Fig. 4.

Again the agreement is almost perfect, indicating the validity of the expression in Eq.(69).
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FIG. 3. The probability distribution of the molecule numbers for the model with stochastic rates for
at = 3.0 and 7.0, obtained using the analytic formula Eq.(69) (solid lines). The initial distribution
is (va(n),vr(n)) = (0n0,0), and the parameters are ky = 0 and ky = 0.1a. The filled circles are the
results of the stochastic simulations. The results of 10° independent simulations were averaged.
The distributions at the same time points with k; = 0, obtained using analytic formula Eq.(10),
are shown with dashed lines for comparison, for the same initial distribution and the parameters.
The dependence on the initial molecule numbers is omitted in the vertical label for notational

simplicity.
X. DISCUSSION

Poisson distributions appear ubiquitously in stochastic dynamics of gene expression, and

the Poisson noise is considered to be the most basic type of noise when analyzing various
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FIG. 4. The probability distribution of the molecule numbers for the model with stochastic rates
for at = 3.0, 5.0 and 7.0, obtained using the analytic formula Eq.(69) (solid lines). The initial
distribution is (va(n),vr(n)) = (0.58,,0,0.50,,0), and the parameters are ky = 0.5 and k;, =
0.la. The symbols are the results of the stochastic simulations. The results of 10 independent
simulations were averaged. The dependence on the initial molecule numbers is omitted in the

vertical label for notational simplicity.

components of stochastic fluctuations. However, when gene products are allowed to get
degraded, it has not been clear whether the molecule number following a Poisson distribution
is equal to the number of certain independent events in time, and if this is the case, what
the corresponding events are. I answered this question in this work, by showing that the

number of molecules distributed according to the Poisson distribution is equal to the number
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of creations of the molecules that are destined to survive until the end of a given period,
which are indeed independent events in time that form an inhomogeneous Poisson process.
Using this viewpoint, I could derive the Poisson distribution not only for the Markovian
model with time-dependent rates but also for the model with time-delayed degradation
without performing the difficult task of solving the non-Markovian master equation. I could
also derive general time-dependent probability distribution in a multispecies monomolecular
reaction model that allows species with non-exponential distributions of lifetimes, of which
the stochastic gene dynamics with delayed degradation is a special case. By superposing
these distributions with different parameters, I also derived a novel series representation for
the molecule number distribution in the telegraph model without degradation.

The expansion in terms of the shifted Poisson distribution introduced in the current
work, where p is fixed and the values of ng vary, should be distinguished from the Poisson
representation [42] where the Poisson distributions with varying p are used in the expansion.
For the model with stochastic rate, the expansion was performed with varying values of both
no and p. The fact that I found a novel series solution Eq. (69) of the telegraph model,
which is almost impossible to obtain from the generating function, suggests the usefulness
of the current approach.

Of course, the molecule number follows the Poisson distribution only under the simplifying
assumption of independent creation events. In the case of the protein, the number of protein
molecules follows the Poisson distribution only if we approximate the transcription and the
translation as a one-step process. In reality, the mRNA molecule has a non-zero lifetime,
during which protein gets translated at a certain rate, leading to bursty translations [8-10].
The creations of protein molecules are not a Poisson process in such a model, since the
translation rate depends on the mRNA concentration.

Despite these limitations, general analytic solutions found in this work may be of value as
a basis for perturbations to obtain more realistic descriptions of the gene-regulatory network.
Since many non-Poisson processes can be approximated by models with stochastic rates
where we have a Poisson process for a given realization of the rate variable, the probability
distribution can be obtained as a weighted average of the distributions obtained for Poisson
processes. Even for models where one cannot perform analytic integration as was done
here in the case of the telegraph model, one may numerically solve the master equation

and then use the analytic solution for a given realization of the rate variable, so that the
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expectation values of various physical quantities are expressed as weighted averages over

numerical distributions of the stochastic rates. Similar analyses may be done for other

sophisticated models of gene regulatory networks by combining the analytic solutions found

in the current work with other analytic solutions and/or numerical computations.
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Appendix A: The Poisson distribution as the limit of the distribution for indepen-

dent trials

The number of successes in N independent trials, with the success probability at i-th
trial being p;, follows the probability distribution which is a generalization of the binomial

distribution,
Priwom(i{pr, - oon )= > papncoopn [ (01— (A1)
{i1<iz-<in} k¢ {i1, - yin}
I want to show that the Poisson distribution can be obtained from this expression in the limit
of N — oo with p = Z;VZI p; fixed. One can derive the desired result using the generating
function F'(z) =) P(n)z". On one hand, the generating function F(z:4{p1, - ,0N})bimom
for the distribution f’binom(n; {p1,--+ ,pn}) is

F(z{p1 -+ o Hinom = Y 2" P binom (0 {p1, -+ ,px})

N
= Z z" Z DiyPiy * * * Piy, H (1 —pg)

n=0 {’i1<7;2"'<’in} k%{ily"'yin}
N
n=0 {7;1<’L'2"'<7:n} k¢{11777ﬂn}
N
= |1 [z + (1 = pj)] (A2)
7j=1

On the other hand, the generating function Fpgisson(z) for the Poisson distribution is

2hute™H _
FPoisson(Z; ﬂ') == Z Iun—‘ = eu(z 1). (A3>
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Now, Eq.(A2) can be rewritten as

N

N
F('Z;{ph"' 7pN})binom:H[1+ 2_1 pj :H (==1)ps +Op])}
j=1 J=1
= et L O(1/N). (A4)
Therefore,
]\}1_{%0 ﬁ(z; {pla U 7pN})binom = FPoisson(Z; ﬂ)a (A5)
from which we deduce
]\}1_1;20 p binom(n; {pla e 7pN}> =P Poisson(n; /JJ> (A6)
Since the binomial distribution is a special case of P pipom (7] {p1,--- ,pn}) with p; = p for

all 7, it is easy to see that the Poisson distribution is obtained from the binomial distribution

by taking the limit of N — oo with yu = Np fixed.

Appendix B: The superposition of binomial distribution weighted by a Poisson

distribution is again a Poisson distribution

Consider a binomial distribution for ng independent and identical trials with success
probability p at each trial, and suppose that ng is itself stochastic, distributed with Poisson
distribution with the expectation value p. Then the number n of success again follows a
Poisson distribution, with the expected number of events being up [32]:

Z Proisson (105 1) Poinom (15 {10, P}) = Ppoisson (7 11D). (B1)
no
The Poisson distribution at the left-hand side of Eq.(B1) can be considered to come from a
Poisson process where an event happens within a short time interval [¢, t+dt] with probability
A(t)dt so that p = fo t')dt'. Now, whenever such an event happens, we also toss a coin
with head probability p and count the event only when the coin produces the head. It
is intuitively clear that the number of counted events in the time interval [0, ¢] follows the
Poisson distribution with the expected number pup, as given in the right-hand side of Eq.(B1).
Before formally proving Eq.(B1), I first prove the discrete version obtained by replacing the
Poisson distributions in Eq.(B1) with the binomial distributions,
Z Boinom (n0; {N, ¢}) Poinom (15 {10 P}) = Poinom (15 {IV, qp}), (B2)

no
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which may be easier to grasp intuitively. This expression arises in the situation where we toss
two coins N times, the probability of the head for two coins at each trial being p and ¢, re-
spectively. The success of a given trial is defined as the event that both coins produce heads.
Then the number of successes follows the binomial distribution with the success probability
pq at each trial, which is the right-hand side of Eq.(B2). The left-hand side is its decomposi-
tion using conditional probability. We first compute the probability Phinom(n0; {N,q}) that
the first coin produced heads ny times. We then compute the probability Pinom(n; {no, p})
that among ng trials with the first coin producing heads, n of them have the second coin
producing the heads. It is intuitively clear that the summation on the left-hand side is equal

to the right-hand side, but one can also explicitly show that

Z Pbinom(nO; {N7 Q})Pbinom(n; {n07p})

=2 ﬁino)!qm(l — )N x —n!(nzoi n)!p”(1 _pyron

B (N—L;z)!n!(p”n LW —(Z)T(ZZ - =) = )

B (N—L;m)!n!@ "2 (N(]—V = ;'!)!j! o1 =P (1= g)* "

= g 0" 0P 1= = e a1

= Boinom (13 {N, qp}), (B3)

proving Eq.(B2). Tt is straightforward to extend the proof to the inhomogeneous case where
p and ¢ are different for each trial, and Eq.(B1) is then obtained in the limit of N — oo
with p = Zfil ¢; fixed. However, one can also prove Eq.(B1) directly:

Z PPoisson(no; M)Pbinom(n; {n()vp})

N0
6_“Mn0 no! _ 6_/1‘ /J/TL()—TL B
== X v 1— no—nm _— ____ n — (1 - no—n
%: no!l . nl(ng — )1t (1-p) o (1p) %: (0 _n)!( p)
et sl —pl et e
B F(Hp) Z ]' - n! (’up) 6“(1 ?) = n (:up) = PPoisson(n; ,Up) (B4)
J
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Appendix C: The time-dependent distribution of the Markovian model with
nonzero initial numbers of molecules (Eq.(27)) is the solution of the master equa-

tion (23).

To show that the distribution given by Eq.(27) is the solution of the master equation,
it is convenient to use the generating function F'(z,t) = ) P(n,t)z". Then the master

equation (23) turns into
OF (2,1) = (z = 1)(a(t) = B(t)0:) F(z,1). (C1)

The generating function for the distribution in Eq.(27) is

n TL()! e_“a)lu(t)n_nl n no—n
F(z,t) = Zz Z (o — ny)! Psury (810)™ (1 = psurv (¢]0))"07™

(n—ny)!
n ni
77/0! _ e_l‘(t)u(t)’fm M2
= 2™ surv (£]0)™ (1 — Psurv (£]0))"07™ X
S e (101 =m0~ x 32
= [1+ paure (]0) (2 — 1)]" D1 (C2)

On one hand, by substituting F'(z) to the left-hand side of Eq.(C1), we get
OF (2,t) = no(z — 1) [1 + Paure (£0)]™ 7 Paury (£]0) DD
+ (2 = 1) [1 + pour (]0) (2 — 1)]" e*DED (1), (C3)
On the other hand, by substituting F'(z) to the right-hand side of Eq.(C1), we get
(= = 1)(a(t) = AHO)F(2,8) = alt)(z — 1) [1 + pan(tl0)(z — 1] 40D

— 1Bt (2 = 1) [1 + Peury (t0) (2 — )] " peury (£]0)erOE=

— B(t)(z = Dp(t) [1 + peury (£|0) (2 — 1)]™ etA==1) (C4)
Since

psurv(t|0) = _B(t)psurv(t|0)7
fu(t) = a(t) = B)u(t), (C5)
which can be easily checked by taking the time derivatives of payy(t|0) and p(t) in Egs.

(21) and (22), we see that the expressions in Eq.(C3) and Eq.(C4) are equal. Therefore, the
distribution in Eq.(27) is the solution of the master equation (23).
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Appendix D: The Poisson distribution is the limit of the distribution for indepen-

dent trials, when there are multiple alternatives

The binomial distribution arises in independent and identical trials when there are only
two alternatives at each trial. When there are multiple alternatives, whose number is m,
then the numbers of outcomes (nq,---n,,_1) in the total N trials follow the multinomial
distribution

Pmult(nh oy yp—1; {N7 P, 'pmq}) = mp11p22 U (Dl)

if the probability of k-the alternative happening at each trial is py, where n,, = N =3 " 'n,;
and p,, =1 — Zi:l p;- The corresponding generating function is:

qult(Zl7Z2"'Zm—1) = Z Pmult (nly"' 7nm—1>z?l Z;TEl

ni, - Mm—1

N‘ ny, no Nom N1 Nm—1
= § P P PR A
N1 Mgl - Typ:
N1, NMm—1

= [pm+2z2p1+- -+ Zm—lpm—l]N (D2)

It is straightforward to write down the generating function for the inhomogeneous counter-

part,

N
=1

.

N
[T[t+Gmnp b G = 0] (D3)

=1

<.

where p,(fj ) denotes the probability of the occurrence of k-th alternative happening at j-th
trial, with p%) =1->7" p(J).

We now take the limit N — oo, with u; = ij,(cj) fixed for 1 <k <m —1. We get

N
(2122 2n0) = [ [exo (21 = 0p + o4 (o = DpELL ) + 01N
j=1

N
= exp(zl—lzpj+~ zml—lzp )—i—Ol/N)
7j=1

—— exp((z1 =D+ 4 (21 — 1):U’m—1)7 (D4)

N—o0
which is nothing but the generating function for m — 1 independent Poisson distributions,

with expected number of occurrences of k-th alternative being jiy.
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Note that for finite IV, k events with £ = 1, - - - m—1 are exclusive events and are therefore
not independent. However, even if we assume they are independent, the probability of such
events occurring more than once becomes negligible in the limit N — oo, because they
are rare events with probability being O(1/N). Therefore, the exclusive and independent
events become indistinguishable. Let us illustrate this point with the homogeneous case
with m = 3. The corresponding multinomial distribution describes the case where we toss
a three-faced coin, with two heads denoted as A and B. There are three possible outcomes
at each trial: The head A with probability p, the head B with probability ¢, or the tail with
probability 1 — p — ¢. The probability distribution is given by the multinomial distribution,

N! —na—n
g (L= p —q) T, (D5)

P =
(nasms) = o N — A=)

which was already shown above to approach the Poisson distribution
P(na,np) = —— iy g’ (D6)
np!:

in the limit of N — oo with ps = Np and pup = Ngq fixed. Now compare this with the case
where we toss two independent two-sided coins denoted as A and B at each trial, which
produce heads with probabilities p and ¢, respectively. In contrast to the previous model,
outcomes of head A and head B are independent, and the simultaneous heads of A and B
are now allowed so that there are four outcomes at each trial. The probability distribution

for ny and npg is now the product of binomial distributions,

N » N »
P (1= p)Tra " (1 —g)N ", (D7)

Plnams) = = sl (N = np)!

Since each binomial distribution approaches the Poisson distribution, we again get Eq.(D6)
in the limit of N — oo with puy and pp fixed. In this limit, the probability pg of both
coins producing heads, being O(1/N?), becomes negligible. Therefore, independent events
happening in the short time interval of size O(N~1) become effectively exclusive, or vice
versa, in the limit of N — oo. This is the reason why multinomial distribution, or its

inhomogeneous counterpart, factorizes into independent Poisson distributions in this limit.
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Appendix E: The time-dependent distribution of the non-Markovian model with a
non-zero initial number of molecules (Eq.(41)) is the solution of the master equation

(31).

To show that the distribution given by Eq.(41) is the solution of the master equation, it
is convenient to use the generating function G(z,w,t) =% > P(na,nr,t)z"4w". Then

the master equation (31) turns into [17]

0:G(z,w,t) = [y(1 — 2) + B(w — 2)] 0.G + (1 — w)0,G + a(z — 1)G(z,w, 1)

+ 81— w) 3 [+ 0w, )™ naP(nast = 7)

na

X exp {a /OT dt’@(z,w,t’)] ot — 1), (E1)

where

O(z,w,t) = (2 — 1)pa(t) + (w — 1)pr(t) (E2)

with p4(t) and p;(t) given in Eq.(39). The last term in Eq.(E1) involving ®(z, w, t) describes
the process where the active molecule that entered the degradation process at ¢ — 7 gets
degraded. Therefore, for the initial condition where n; = 0 at ¢ = 0, this term is absent for

t < 7, implemented here by the step function 6(t — 7).
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From Eq.(41), we get the marginal probability distribution:

) apr(t)"
Pt = S8 i)

nr nA nI

(L= palt) = py(8))"o "4
e—ﬂA(t)—MI(t)luA(t)nA—n’AluI (t)nz—n}
(1 =) s =)
= D)V, (+)"r
ZZ T PO )
A

(1—pA(t) pz(t))"o A

e HA®)—pr(t nA n'y

n
I
x 3ot
(nA—nA - ny!
Dy P

ny nf

X

I

pa(t) ap;(t)"t
(o — 1l — )] (t)"aps(t)

X(l B pA(t) . pl(t))no—n’A—n/I G*/‘A(t)puA(t)nAan

(na —ny)!
no! ) e Al (f)raTr
=N ()1 — palt))e
A
= Z Pbinom(n;}; {nOapA(t)})PPoisson(nA - TL:4, ,MA(t))a
"

and the generating function for ¢t > 0:

G(z,w,t) ZZZZ W ”Awnfno' n,1>!pA(t)"14p1(t)”'z

_n —
n! n[ I o A

X (1= palt) — py(t))™ "4
e—ha(t) =1 (t)l/JA (t)nA_n/A,UI (t)nz—n}

(nA—n’A)'( 1 —np)!

ZMAwm T , /
= t\ap,(t)™
an, e e =AW e (0

I

X(1—pa(t) — pf(t))”(’_"/“_"/f

€ —pa(t)— MI(t)ﬂA(t)n;/l/LI<t>n,I,
DI () ()]
I

=1+ pa(t)(z—1) + pr(t)(w — 1)]"™ eha®)(z=1)+pr () (w—1)
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X

(E4)

First, we compute the summation in the last term at the right-hand side of Eq.(E1) by
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substituting the expressions for P(na,t) and G(z, w,t):

Z 1+ (2, w, T)]”A_l naP(na, t—r7)

na
- Z [1 + qD(’Z’ w, T)]HA_I na Z Pbinom(nTA; {n[)?pA(t - 7-)})PPoisson(nA - n:4ﬂ /'I/A(t - T))

!
L

na
- Z Z [1 + @(27 w, T)]nA_l nAPbinom(n;l; {n07pA(t - T>})PPOiSSOH(nA - nlA’ MA(t - T))
n/y nA
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SRR !

!
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na

= [+ @(z,w, )pa(t — 7)]" pa(t — 7) exp [pa(t — 7)®(z,w,7)]

+ nopa(t = 7) [L+ @(z,w, 7)pat = 7)™ exp [pat = 7)®(z,w,7)]
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+ nopa(t — 7) [1+ ®(z,w, )] " exp [pa(t — 7)®(2,w,7)] (E5)

where to get the last line, we used the fact that

pa(T)pa(t —7) = pa(t), pr(1T)palt —7) = pi(t) (E6)

so that

O(z,w,m)pa(t — 1) = (2 = Dpa(7)pa(t — 7) + (w — V)pr(7)pa(t — 7)
= (z = Dpa(t) + (w = )pr(t) = O(t). (E7)
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Therefore, the right-hand side of Eq.(31) becomes

[Y(1—2)+ B(w—2)]0.G+ (1 —w)dG + a(z — 1)G(z,w,t)

+ﬁaﬁu_ﬂo§ju+@@nmﬂrrﬂupmmt—Tmm{a/ZMMzw#ﬂea—ﬂ

naA 0

= g [1+ @(zw, )" [(a(z — 1) + Alw — 1) pa(t) — C(w — Dpy ()] #aE D@D

L+ 0w, [(~a(z = 1)+ 8w = 1) pra(®) = Glw = Dyas(t) + a(z = 1)) OO

— Be ™ (w — Dpa(t — 7)1+ ®(z,w,t)]" exp |:/LA(t —7)®(z,w,T) + /OT dt'®(z, w, t,)] 0t —7)

—ﬁaﬁw—mmwawwvu+®ww¢m°%n{mm—Twwwma+alﬁwﬂawfﬂea—ﬂ

= g [1+ @(z w0, )" [(a(z — 1) + Aw — 1) pa(t) — C(w — Dpy ()] #a0 D@D

L+ 0z 0,0 [(~a(z = 1)+ 8w = 1) pat) = Glw = Dpr(t) + a(z = 1)) 2O

— Be™ T (w — Dpat — 1) [1 4+ (2, w, )] era®OEDFm@@=Dgg _ 7)

B ﬁeiCT(w D)8t — T)ngpalt — ) [1+ (2, w, t>]no—1 euA(t)(zfl)ﬂu(t)(w*l)@(t —7)

where to get the last line, I used the fact that

pa(t = 7)pa(r) = palt) — pa(r),  palt —7)pi(7) = pr(t) — pr(7), (E9)
and
a [ @t = (: = Dyua(r) + (w0 = D), (E10)
so that
exp {,uA(t —7)®(z,w,T) + /OT dt'®(z,w, t’)] = eHa®E=DHu @O (w-1) (E11)

Next, substituting the expression for G(z,w, t) in Eq.(E4) to the left-hand side of Eq.(E1),

we get

0,G(z,w,1) = ng [1+ ®(z,w, )"
X [(z = Dpa(t) + (w = 1)py(t)] eraOE-DHu 0=
1+ ®(z, w, )] 4O+ Ow=1)
X [(z = Dgea(t) + (w — 1)/ (t)] (E12)
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Since

pr(t) = Bpalt) — Cpr(t) — Be™Tpa(t — 7)0(t — 1),

(1) = —Cur(t) + B [alt) — e p(t = 7)0(t — 7] (E13)

we see that the expressions in Eq.(E8) and Eq.(E12) are equal. Therefore, the distribution
in Eq.(41) is the solution of the master equation (31).

Appendix F: Detailed derivation of dynamics equations for pwsurv (t|t', ) (Eq.(48))

and p;(t)(Eq.(50)) in a general monomolecular reaction network

To obtain p(Surv (t|t’, T), consider its change Apljsurv (t|t’, ) after a short time interval of

size At. Let us first define the ¢ x ¢ matrix B(¢) by the components

Bji(t) = ci;(t) (i # j)

¢ ¢
= elt) = =Bilt) = > eyt (F1)
5=0 j=1
Some molecules of other species that was created at ¢’ will transform to X; during the interval
[t,t 4+ At], which will contribute positively to Ap(surv)(ﬂt’ ,T), which is written as
Ap Pl ) = > el T)AL =Y Bl (¢t ) At (F2)
ki k>1 ki
Similarly, there is a negative contribution from the X; molecules that transform to other
species or disintegrate during the interval [t,¢ + At], written as
ApPEm ) == 3 eaps (Y T)AL = Biplt™ (Lt T) A (F3)
kei,k>0
For a molecule with a finite upper bound on its lifetime, we have an additional contribution
if t — 7, > t’: If the molecule was converted from other species to X; during the short
interval [t — 7;,t — 7; + At] and has been surviving as species ¢ up to ¢ without transforming
to other species, then it must get degraded at t. Therefore, the corresponding contribution
Apg’)(surv) (t|t’, T) is given by the negative of the product of the probability p,:]urv (t—7lt', 1)

that a molecule created as X; at t' surviving until ¢ — 7; as some X}, (k # i), probability
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cki(t — 7;) At that it will transform to X; during the short period [t — 7;,t — 7; + At], and the
conditional probability 5™ (¢t — ;) that will survive as X; until ¢ without transforming

to other species,

Ap (@t 7y = —AEY Tt — et — Tl (- it )

ki
= =AUt = 1) Balt - mpl ™ (= wlt ), (P)
k+#i

where p(Surv "', 7) = 0 for ¢/ < ¢'. pC™)(t|t — 7,) is obtained by noting that for
a molecule of X; that was present at t” € [t',t], the conditional probability that it will
neither disintegrate nor transform to other species during the short period [t” + At"] C
[t',t], assuming that it does not run out of its lifetime, is given by (1 — Zizo cir (U AY") +
O((At")2) = (1 + By (t")A") + O ((At")2). 5™ (t|t — 7;) is the product of such factors,

and by setting ¢t — 7 = NAt” and taking the limit of N — oo, we get

N
ﬁgsumwe)@ﬁ . Ti) — lim TH (1 + By (t o k}At//) At”).
N—oo

o ([ o) .

where T in the front of the matrix indicates a time-ordered product, indicating that the
matrices are multiplied from right to left in chronological order. Substituting Eq.(F5) into

Eq.(F4), we get

t
ApPE (¢, 7) = ~Texp </ du) > Balt — e (t =l )AL (F6)
=T k#i

Finally, the molecule of X; could have been created at t — 7; and survived up to ¢ without
transforming to other species, if t — 7; = t’. The contribution from the degradation of this

molecule is derived using the same logic as in the case of Ap(3 w1 1),

t
Ap Tt ) = —Texp ( / B,-l-(u)du) 3t — 1 —t')o,;At (F7)
t—7;
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Therefore, by summing Eqgs.(F2), (F3), (F6), (F7), dividing by At and taking the limit of
At — 0, we get

psurv t|t T Zsz (surv) t|t T)
¢
— Texp (/ du) Z Bix(t pk?urv) (t— 7|t )
t—T k?él
¢
t—’TZ'
Eq.(50) is then obtained by taking the derivative of Eq.(47),

i) =3 pl (¢t Tyt +Z/ 3T (8 7)o () dt!

J

+ZBZ,€ / (0 (4147 )y (1t

t
_ Texp (/ ” du) E E / zk pksjurV) (t o Ti|t/, T)O{](t/)dt,
t—7;

k#i j

— Texp ( /t tn Bii(u)du) Z dijoyj(t — )
£+ Bi(t)u(t|T)

k

— Texp (/tj Bii(u)du) > Bult — 7i)pi(t — 7il7)

ki
~ Texp ( /t j Bn(u)du) ai(t — ). (F9)

where o;(t") = p;(t") = 0 for t” < 0.

Appendix G: Monomolecular reaction without finite upper bounds on molecule

lifetimes

Here I explicitly show that the convolution of the multinomial distribution with Poisson
distributions, derived in ref. [29], is a special case of the solution Eq.(52). This is the model
n (44), where m = ¢ in Eq.(52). Egs.(48) and (50) also reduce to

pC(t10) = B(O)p™™(t)0),  fu(t) = B(t)p(t) + a(t), (G1)
with their initial conditions being
p™(0j0) =TI,  p(0) =0, (G2)
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where p®*™¥)(¢|0) and B(t) are the matrices formed by the components p;urv (t|0) and B;;(t),
respectively, and p(t) and a(t) are the column vectors formed by the components p; and a,
respectively. The 7;-dependence is omitted in the notation because they are now all fixed to

oo. Egs.(52) along with Eqgs.(G1) and (G2) are the results presented in ref. [29].

In fact, the solution of Eq.(G1) with the initial condition Eq.(G2) can be expressed in

integral forms,
t
pEU(¢|t)) = TeXp/ B(s)ds, (G3)
t/
and

() = /0 t [T exp /t t B(s)ds] a(t)dt'. (G4)

Eq.(G4) is the matrix generalization of Eq.(22). The integral in Eq.(G4) can be explicitly

done for the case of constant rates:

t
wu(t) = / eBadt’ = (e® —1)B e, (G5)
0

which is a matrix generalization of Eq.(25), where I is the identity matrix. When all the

eigenvalues of the matrix B have negative real parts, we get

which is the matrix generalization of Eq.(26).

Appendix H: The derivation of the series representation (Eq.(69)) of the general

time-dependent distribution of the telegraph model.

Let us first consider the case where the gene is initially inactive, and the initial number
of RNA molecules is zero. Using the series representation of the confluent hypergeometric
function,

(a+¢—-DI(b-1) ,

b; H1
(a,52) - Da—1) (H1)
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the expression in Eq.(69) for v;(ng) = 0,0 and va(ng) = 0 becomes

P(n,t) = Z [e—szt(at)n(kft)mﬂ(kbt)m(n + m)!q)(n bt Lt 2m 4 2 (kg — ky — a)t)

nl(n+2m+ 1)!m!

e kit (at)™ (kpt)™ L (kpt)™ T (n + m)!
nl(n + 2m + 2)!m!

e Frt(at)™ (kpt) ™ (kypt) ™ () (n 4 2m=F1T)1(n + m + ()!
- zz: [ ( n&;i/;m/—f—(/fﬁ)m!(n+2m+€+ 1)%&&)\%! ) (U =k = )t)’

d(n+m+1,n+2m+3;(ky — ky — )| + e "

ekt (at)™ (kpt)™ T (kpt)" T ) (n 4 2m=F2)1(n + m + ()]
ky —ky — a)t)’| + 6, 0e "0t
* n!(n 4 2m=2)Tm!l(n + 2m + 2 + £) =) /! (ks = Ky = )t)"| + dne
S e Rt (at)" T (kpt) O (Byt) "2 (n 4 m 0y + £y + £3)1(=1)2 15
e nlm!(n + 2m + 0 + by + f3 + 1)16; 10,105
+ e Bt (o)™ (lyt) O (Rt) R (n -+ G+ Uy + £y — 1)I(—1)R B + e ket
nim!(n + 2m + 0 + by + C5 4+ 1)10,1(05 — )14 0

Z efkft(at)n+43(k,ft)m+él+1(kbt)m+£2(n +m + gl + 62 + ES _ 1)!(_1)€2+43
nlm!(n 4+ 2m + 1 + o + 3 + 1)101105145!

m,l1,02,03
(n+m+ 0+ b+ s — 05) + 5 e "
. Z eikft(at)n+g3(k}ft)elJrl(k’bt)b (61 + EQ + 63 —I— n—m— 1)!(_1)€2+€37m(€1 —f- 63 + n)

X

m,l1,02,03

+ 5n706_kft, (H2)

where the shift of the summation indices ¢; — ¢; — m and ¢y — {5 — m was performed to

get the final expression. We then use the useful identity 3

Z(‘l)m(p+q+T—m>! _ (pAr)lg+r) ()
—  ml(p —m)l(qg—m)! plglr!
to perform the summation over m in Eq.(H2), to obtain
—kyt n—+4 £1+1 lo(  1\bott B
P(n,t) = Z e M (at)" T (k) (Rpt) = (1) (ly + b + 1 — DIl + €5 + n)!—{—5n ge kit
trtats nl (01 + by 4 L3+ n 4+ 1)1 (ls +n — 1)14s] :
(H4)

The expression for arbitrary value of ng is obtained from Eq.(H4) by making the shift

n —n—ng.

3 This identity can be checked using MATHEMATICA and be proved using mathematical induction.
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Similarly, for v;(ng) = 0 and va(ng) = dn, 0, the expression in Eq.(69) becomes
e kit (at)™ (kyt)™ (kpt)™ (n + m)!

Pn,t) = Z nl(n+2m + 1)lm!

O(n+m+1,n+2m+2;(kf — ky — a)t)

4 3 et )™ () n 1)
nl(n+2m +2)!(m +1)!

(Oét)nef(kbﬁ*a)t
n!

d(n+m+2,n+2m+3; (ks —ky — )

e st (o) (kpt)™ (k)™ Trtm) (n = 2= T)1(n 4+ m + 0)!
- Z n'l/-gm%m'm +2m+{ + 1)r(\+£m)\£' (ks — k)
e Frt(at)™ (kyt)™ ! (ko)™ T mt Dln £ 2m = 2)[(n + m + £ + 1)

+ D ((ky — ky — a)t)’

S~ nl(n+2m=+2)1(m + 1)!(n+ 2m + 2 4+ £)[(n=+F=m1)!/!
AL —(kp+a)
N WG—'
n.
- ¥ e Rt ()" (K pt) ™0 (kpt) ™ T (0 4 m+ £y + by + £3)1(—1)%2 s
B nim!(n + 2m + 0y + by + l5 4+ 1)1, 105105]

Ly ) () ot o G ) (D)

Tt nl(m+ D)I(n+2m+ b + o+ 5+ 1)!1(6 — 1)145145!

A —(kp+a)t
| foye e
n.
B Z e*kft(at)"%(kft)m“l (kpt)™ 2t (n +m + £, + by + €3)!(—1)%+6

X (m+14+46)
m>0,61,0,63
(at)ne—(kb-i-a)t
n!
B Z e kst (at) T (k) (kypt) 2 (0) + by + L3 +n — m)!(=1)2HE"m (0 + 1)
nl(m + D1l 4+ by + €3 +n+ DIl — m)!(ly — m)l3!

m>0,01,02,03
(at)"e_(kb+o‘)t
n!
_ Z e Rt ()" (kpt) (kpt) 2T (0 + by + 03 + 1 — m + 1)I(=1)2 =m0 + 1)
nIm!(ly + by + U3 +n+ DIl —m+ 1)l — m + 1)145!

m,l1,02,03
5 e Rt () (k) (ko) 24 (0 + mF D)I(—1)E 1)
" —(kp+a)t
| (ot
n!
. Z e_kft(ozt)"“?’(kft)gl (k?bt)b—i_l( 1)€2+Z3+1 (n + fl -+ 63) (TL + 62 -+ 63)' 4 (Oét)n —ot
n n'(n+€1+€2+€3+1) (n+€3—1)'€1 (€2+1)'£3 n!

01,0203
Ly I k) )+ 4 )by 4 1)
B nl(n + 0y + ly + 03)(n + €5 — 1)10110,105]

; (H5)
£1,02,03
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where I used the identity Eq.(H3) again to perform the m summation in Eq.(H5). Again,
the expression for an arbitrary value of ng is obtained from Eq.(H5) by making the shift
n — n—ng. The final expression in the Eq.(69) is obtained by taking the linear combination

of Eq.(H4) and (H5) with v;(ng) and v4(ng) after making the shift of n — n — ny.
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